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Abstract
By a pointwise multiplier from a function space X into another function
space Y , we mean a function which defines a bounded linear mapping of X
into Y by pointwise multiplication. Pointwise multipliers arise in many dif-
ferent areas of mathematical analysis and its applications. For example, the
coefficients of differential operators and more generally of symbols of pseudod-
ifferential operators are often assumed to be pointwise multipliers of function
spaces. The solutions of boundary value problems can be sought in the class
of multipliers. Algebraic properties of multipliers enable to apply some of
the basic facts of differential calculus in various situations (theorems on the
superposition, implicit function theorems, and others).
The thesis consists of 3 Chapters and is organized as follows. In Chapter
1, we introduce basic concepts, definitions and necessary statements for the
proof of the main results. Moreover, we present here embedding theorems and
basic inequalities for Sobolev spaces. Chapter 1 also contains necessary and
sufficient conditions for the boundedness of one variable differential operators
acting from a weighted Sobolev space W np,v to a weighted Lebesgue space on
the positive real half line.
Chapter 2 is concerned with the characterization of spaces of multipliers
M(X → Y ), where X – a weighted Sobolev space W lp,ρ,v, Y – a weighted
Sobolev space Wmq,ω0,ω1 or the Lebesgue space Lq,ω (1 < p 6 q < ∞, pl >
n, m < l).
In Chapter 3, we give the description of the space M(W lp,v → Wmp ), 1 <
p < n/l, where W lp,v = W
l
p,1,v, W
m
p = W
m
p,1. In addition, here we solve the
i
boundedness problem of the Schro¨dinger operator −∆ + q : W lp,v → Wmp .
Most of the results of the thesis have been published and presented at a
number of conferences.
ii
Sunto
Per moltiplicatore puntuale di uno spazio funzionale X in un altro spazio
funzionale Y intendiamo una funzione che definisce un operatore di moltipli-
cazione puntuale lineare e limitato di X in Y . I moltiplicatori puntuali si
presentano in molte aree differenti dell’analisi matematica e delle sue appli-
cazioni. I coefficienti di operatori differenziali e piu` in generale di simboli di
operatori pseudodifferenziali sono spesso presi come moltiplicatori puntuali di
spazi funzionali. Le soluzioni di problemi al contorno possono essere ricercate
in classi di moltiplicatori. Le proprieta` algebriche dei moltiplicatori permet-
tono di applicare alcuni fatti base del calcolo differenziale in varie situazioni
(teoremi di superposizione, teoremi di funzione implicita, ed altri).
La tesi consiste di 3 capitoli ed e` strutturata nel modo seguente. Nel
Capitolo 1 introduciamo concetti base, definizioni ed enunciati necessari per
le dimostrazioni dei risultati principali. Inoltre presentiamo qui i teoremi di
immersione e le diseguaglianze di base per gli spazi di Sobolev. Il Capitolo 1
contiene anche condizioni necessarie e sufficienti per la limitatezza di operatori
differenziali in una variabile che agiscono da uno spazio di Sobolev con peso
W np,v in uno spazio di Lebesgue con peso sulla semiretta reale positiva.
Il Capitolo 2 concerne la caratterizzazione dello spazio dei moltiplicatori
M(X → Y ), dove X e` uno spazio di Sobolev con peso W lp,ρ,v, e Y e` uno spazio
di Sobolev con peso Wmq,ω0,ω1 o uno spazio di Lebesgue Lq,ω (1 < p 6 q <
∞, pl > n, m < l).
Nel Capitolo 3 diamo la descrizione dello spazio M(W lp,v → Wmp ), 1 < p <
n/l, dove W lp,v = W
l
p,1,v, W
m
p = W
m
p,1. Inoltre risloviamo qui il problema della
iii
limitatezza dell’operatore di Schro¨dinger −∆ + q : W lp,v → Wmp .
La maggior parte dei risultati della tesi e` stata poubblicata ed esposta in
un certo numero di conferenze.
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Introduction
It is well known that multipliers have their own importance in the theory
of function spaces, and in the theory of differential and integral operators
acting in these spaces. Applications of the theory of pointwise multipliers in
weighted spaces are relevant both for direct boundary value problems, and for
their inverse counterparts.
The theory of pointwise multipliers acting on several function spaces like
Sobolev, Besov and Triebel-Lizorkin spaces have been developed by several
mathematicians. In particular, we mention the contribution of A. Devinatz,
I.I. Hirschman, R. Strichartz, J.C. Polking, J. Peetre, V. Mazya, T. Shaposh-
nikova [1], [2], and more recently the contribution of W. Sickel, T. Runst,
J. Frank, and H. Koch. For the latest developments on pointwise multipli-
ers of function spaces we refer to the monographs [1], [2], which is entirely
devoted to this topic. Let us point out some specific directions through the
works [3]-[9].
In this work, we study two functionally related problems. The first problem
is a problem on the boundedness of differential operators densely defined in
weighted Sobolev spaces W sp,ω0,ω1 = W
s
p,ω0,ω1
(Ω). Here Ω is a domain (an open
connected set) in the n-dimensional Euclidian space Rn, n > 1, ωi (i = 0, 1)
– a.e. positive locally integrable in Ω functions (weights), s > 0 – an integer,
1 6 p <∞.
3
4 Introduction
We consider the one-dimensional differential operator (Chapter 1)
Ly =
l∑
k=0
ρk(x)y
(k) (x > 0) (i1)
with ρk(·) ∈ Lloc(0,∞), l > 1 is an integer, and the Schro¨dinger operator
(Chapter 3)
Lu = −∆ + qu, D(L) ⊂ W lp,v(Rn),
with the potential q ∈ Wmp,loc. Here W lp,v denotes a weighted Sobolev space. Let
ω0, ω1 be a pair of a.e. positive and locally integrable functions defined on Rn.
We denote by Wmp,ω0,ω1 the completion of the set C
∞
0 in the finite norm
‖u‖Wmp,ω0,ω1 = ‖u;W
m
p,ω0,ω1
‖ = ‖ω1/p0 |∇mu|‖Lp + ‖ω1/p1 u‖Lp ,
where |∇mu| =
( ∑
|α|=m
|Dαu|2
)1/2
, Dαu = ∂
α1+···+αn
∂x
α1
1 ... ∂x
αn
n
u, 0 < |α| =
n∑
j=1
αj 6 m.
In particular, Wmp,v = W
m
p,ω0,ω1
with ω0 = 1, ω1 = v, and W
m
p = W
m
p,ω0,ω1
with
ω0 = ω1 = 1. In one dimensional case, the Sobolev space W
m
p (Ω), Ω = (0,∞),
is equipped with the following finite norm
‖y‖Wmp (Ω) = ‖y;Wmp (Ω)‖ =
(∫
Ω
(|y(m)(x)|p + |y(x)|p) dx)1/p .
Below Lp,v(Ω) is the space of all real valued functions having in Ω finite
weighted Lebesgue norm
‖u‖Lp,v(Ω) =
∫
Ω
|u|pv(x) dx
 1p (1 6 p <∞).
Note that Lp(Ω) = Lp,v(Ω), if v = 1. Lp,loc(Ω) denotes the space of functions
f defined a.e. in Ω such that f ∈ Lp(F ) for any compact F ⊂ Ω. Here
L+p,loc(Ω) is the space of all a.e. positive functions of Lp,loc(Ω). In particular,
Lloc(Ω) = L1,loc(Ω), L
+
loc(Ω) = L
+
1,loc(Ω). A function v of L
+
loc(Ω) is called a
weight in Ω.
By C∞(Ω), C∞0 (Ω) we denote the space of all infinitely differentiable func-
tions in Ω and the space of functions of C∞(Ω) with compact support suppf
in Ω, respectively.
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In [1] it was shown that the boundedness problem of the operator P =
s∑
j=0
bj(x)∆
j as an operator from W lp to W
m
p and the norm evaluation problem
are completely reduced to the consideration of variable coefficients bj(·) as
pointwise multipliers in the pairs of Sobolev spaces (W lp,W
m
p ).
Let us consider the Sturm-Liouville operator
Ly = −y′′ + qy (i2)
in the Hilbert space W 12,v, v = |q|2. This operator is one basic model operator
in many problems of the theory of differential equations and operators. One
of them is the separability problem of the operator L in (i2). It is well known
that the separability of the operator L in (i2) is equivalent to the inequality
‖y′′‖2 + ‖qy‖2 6 c (‖Ly‖2 + ‖y‖2), (i3)
where ‖ · ‖2 = ‖ · ‖L2 . By (i3) we can see that the potential q of the separable
Sturm-Liouville operator defines the bounded multiplication operator
Ty = qy : W 12,v → L2 (v = |q|2).
Let X, Y be Banach spaces of functions y : Ω→ R. We say that a function
z : Ω → R is a (pointwise) multiplier on the pair (X, Y ) provided that the
multiplication operator
Ty = zy, y ∈ X,
is bounded from X to Y. We denote by M(X → Y ) the space of all multipliers
for the pair (X, Y ). We introduce the norm by
‖z; M(X → Y )‖ = ‖T ; X → Y ‖
for z ∈M(X → Y ).
The second problem is to characterize the space of pointwise multipliers
in a pair of weighted Sobolev and Lebesgue spaces. The monograph [1] is
currently the only work which treats systematically the theory of pointwise
multipliers in unweighted spaces of differentiable functions both with integer
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and noninteger smoothness parameters, as well as a number of applications to
the theory of differential operators.
In both problems, we solve the boundedness problem of the linear operator
T acting from W lp,ρ,ω to Y, where Y = Lq,ω, or Y = W
m
q,ω0,ω1
. In other words,
we need to prove that there exists a constant c > 0 such that
‖Tu‖Y 6 c ‖u;W lp,ρ,ω‖ (i4)
for all u ∈ C∞0 = C∞0 (Ω). We will prove the estimate (i4) by using local
estimates method on a family of cubes (intervals) with a regular edge length.
The results of the thesis have been collected in 3 chapters. In Chapter 1,
we examine the boundedness problem of the operator
Ly =
l∑
k=0
ρk(x)y
(k) : W np,v(I)→ Lq,ω(I),
where n > 1 is an integer, ρk(·) ∈ Lloc(I), I = (0,∞). Here W np,v(I) denotes
the weighted Sobolev space of all functions y, having absolutely continuous
derivatives up to order n−1 in I and the finite weighted norm in the following
form
‖y‖Wnp,v(I) = ‖y(n)‖Lp(I) + ‖y‖Lp,v(I) <∞ (1 6 p <∞).
On the technical side, here it is enough to obtain estimates of the form∫ ∞
0
|ρk(t)y(k)|q dω(t) 6 ck ‖y;W np,v‖ (dω(t) = ω(t)dt). (i5)
In general case, the weight v is not regular in (i5). For example, v(x) =
(1+x)k sin2 xm, k > 1, m > 2 – integers. For an irregular weight v, inequalities
of the form (i5) first were obtained in works by M. Otelbaev (see [10]–[14]).
There M. Otelbaev has introduced the so-called ”running averages” v∗ of the
weight v. There exist different variants (”modifications”) of ”running averages”
of the weight v (see [15]–[21]).
Let v ∈ L+loc. We set
v∗(x) = sup
{
h > 0: hnp−1
∫ x+h
x
v(t) dt 6 1
}
.
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The function v∗ is positive and right-continuous in I. In case h = v∗(x) <∞,
we have the equality
hnp−1
∫
∆∗
v(t) dt = 1, ∆∗ = [x, x+ h].
If np > 1, then 0 < v∗(x) <∞ for all x > 0. The inequality
h−np
∫
∆∗
|y|p 6 c
∫
∆∗
(|y(n)|p + |y|pv(t)) dt
is one of the key local estimates, which we use in this work.
Example 1. Let n > 1, 1 < p <∞, v(x) = (1 + x)k, k > 0 (x > 0). Then
c1(1 + x)
−k/np 6 v∗(x) 6 c2(1 + x)−k/np.
Example 2. If we take ω(x) = (1 +x)k sin2 xm, k > 1, m > 2 - an integer, then
c1(1 + x)
−k/np 6 v∗(x) 6 c2(1 + x)−k/np.
We define as length function in I¯ = [0,∞) any positive and right-continuous
function h(·) (h(·) is a l.f.).
Definition 1.1. A weighted function v in I is called admissible with respect
to the length function h(·), if there exist 0 < δ < 1, 0 < τ ≤ 1, such that the
following inequality is true
h(x)n−
1
p inf
{e}
(∫
∆(x)\e
v(t) dt
) 1
p
> τ, ∆(x) = [x, x+ h(x)],
for all x ∈ I.
In the inequality the infimum is taken over all measurable subset e of ∆(x) with
Lebesgue measure |e| ≤ δ |∆(x)| . We denote by Πn,p(δ, τ) the set of admissible
weights v with respect to the l.f. h(·).
Example 3. Since
inf
{e}
(∫
[x,x+1]\e
dt
) 1
p
> (1− δ) 1p = τ,
the function v = 1 is admissible with respect to the l.f. h(·) = 1.
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Definition 1.2. We say that a function ω(·) > 0 satisfies the slow variation
condition with respect to the l.f. h(·), if there exist constants 0 < b1 < 1 < b2
such that
b1ω(x) 6 ω(t) 6 b2ω(x) for all t ∈ ∆(x).
Example 4. Every power function v (x) = (1 + x)µ , 0 < µ < +∞ satisfies the
slow variation condition with respect to the l.f. h (x) = (1 + x)−
µ
np in I.
Definition 1.3. We say that a weight v satisfies the condition A(δ,β) (0 <
δ, β < 1) with respect to the length function h(·) in I, if for any interval
∆ = [a, b] ⊂ ∆(x) = [x, x + h(x)] (x > 0) and any measurable subset e of ∆
with the Lebesgue measure |e| 6 δ|∆| the following inequality holds∫
e
v(t) dt 6 β
∫
∆
v(t) dt.
We denote by A(δ,β) the set of all weights v, which satisfy the condition A(δ,β).
Example 5. The weight ω(x) = xγ, γ > −1, satisfies the condition A(δ,β) in I.
It is well known that the weight ω(x) = |x|γ, γ > −1, satisfies the condition
(A∞) (Chapter 2, §2.4).
Any weight ω satisfying the slow variation condition with respect to the
l.f. h(·) satisfies the condition A(δ,β) with respect to the l.f. h(·).
Example 6. Any weight v ∈ A(δ,β) in I belongs to Πn,p(δ, τ) with respect to
the l.f. h(x) = v∗(x).
Throughout the thesis c, c0, c1, . . . denote constants depending only on the
assigned numerical parameters, for example, c = (l, p, n), etc.
Theorem 1.1. Let n > 1 be an integer. Let 1 < p 6 q <∞. Let v belong to
Πn,p(δ, τ) with respect to the l.f. h(·). Let
Rk = sup
x>0
h(x)n−k−
1
p
{∫ x+h(x)
x
|ρk(t)|q dω(t)
} 1
q
<∞ (k = 0, 1, . . . , l).
Then the operator L in (i1) is bounded from W np,v(I) to Lq,ω(I). Here the norm
satisfies the following inequality
∥∥L; W np,v(I)→ Lq,ω(I)∥∥ ≤ c l∑
k=0
Rk.
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Theorem 1.2. Let 1 6 p, q < ∞, pn > 1. Let the operator L in (i1) be
bounded from W np,v to Lq,ω. Then (k=0,1,. . . ,l)
R˜k = sup
x>0
v∗(x)n−k−
1
p

x+
3v∗(x)
4∫
x+
v∗(x)
4
|ρk(t)|q dω(t)

1
q
6 c˜k
∥∥L; W np,v → Lq,ω∥∥ .
We set R∗ =
l∑
k=0
R∗k, where R
∗
k = Rk with h(x) = v
∗(x), and R˜∗ =
l∑
k=0
R˜k.
Theorem 1.3. Let 1 < p 6 q <∞. Let v be in A(δ,β). Let R∗ <∞. Then the
operator L in (i1) is bounded from W np,v to Lq,ω. Moreover,
c0R˜
∗ 6
∥∥L; W np,v → Lq,ω∥∥ 6 c1R∗.
Corollary 1.2. Let v(x) = (1 + x2)
s
, ω(x) = (1 + x2)
β
, s, β > 0. Then the
operator
Ly =
l∑
k=0
(
1 + x2
)αk y(k), −∞ < αk <∞,
is bounded from W np,v to Lq,ω if and only if
αk +
β
q
6 s
np
(
n− k − 1
p
+
1
q
)
(k = 0, 1, . . . , l).
Below Al(I) is the class of all functions y in I having absolutely continuous
derivatives up to order l−1 in I¯ . Let µ(·), y ∈ Al(I). Then the Newton-Leibnitz
formula implies that
(µy)(l) =
l∑
k=0
(
l
k
)
µl−k(t)y(k)(t) ≡ Ly
with ρk =
l!
k!(l−k)!µ
(l−k).
Theorem 1.4. Let n > l > 1 be integers, 1 < p 6 q <∞. Let v ∈ Πn,p(δ, τ)
with respect to the l.f. h(·) in I. Let µ ∈ Al(I). If
Mk,µ,ω0 = sup
x>0
h(x)n−k−
1
p

x+h(x)∫
x
∣∣µ(l−k)(t)∣∣q dω0(t)

1
q
<∞ (k = 0, 1, . . . , l),
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M0,µ,ω1 = sup
x>0
h(x)n−
1
p

x+h(x)∫
x
|µ(t)|q dω1(t)

1
q
<∞,
then µ ∈M(W np,v → W lq,ω0,ω1). Moreover,∥∥µ; M(W np,v → W lq,ω0,ω1)∥∥ 6 c
[
l∑
k=0
Mk,µ,ω0 +M0,µ,ω1
]
.
Theorem 1.5. Let 1 < p 6 q < ∞. Let n > l > 1 be integers. If µ ∈
M(W np,v → W lq,ω0,ω1), then∥∥µ; M(W np,v → W lq,ω0,ω1)∥∥ > c
[
l∑
k=0
M∗k,µ,ω0 +M
∗
0,µ,ω1
]
,
where
M∗k,µ,ω0 = sup
x>0
v∗(x)n−k−
1
p

x+3v∗(x)/4∫
x+v∗(x)/4
∣∣µ(l−k)(t)∣∣q dω0(t)

1
q
<∞,
M∗0,µ,ω1 = sup
x>0
v∗(x)n−
1
p

x+3v∗(x)/4∫
x+v∗(x)/4
|µ(t)|q dω1(t)

1
q
<∞.
In Chapter 2 we give step by step results related to the research of spaces
M(W lp(ρ
µ, ρν) → Lq,ω), M(W lp(ρµ, ρν) → Wmq,ω0,ω1), M(W lp,v → Wmq,ω0,ω1), 1 <
p 6 q <∞, pl > n, 0 < m < l – integers. Here the special notation W lp(ρµ, ρν)
is taken for the weighted Sobolev space W lp,ω0,ω1 = W
l
p,ω0,ω1
(Rn) with weights
ω0 = ρ
µp, ω1 = ρ
νp, −∞ < µ, ν < ∞, where ρ is a weight satisfying the slow
variation condition.
In the sequel the notations Lp, Lp,v, Lp,loc, etc. have the same meaning as
in the one-dimensional case.
Let In be the family of all cubes Q in the form
Q = Qh = Qh(x) = {y ∈ Rn : |yi − xi| < h
2
, i = 1, . . . , n}.
We set λQ = Qλh(x). For each positive and finite function h(·) : E → (0,∞),
where E ⊂ Rn, |Rn \ E| = 0, we correspond the basis (family) of cubes
B = {Q(x)} = {Qh(x)(x), x ∈ E}.
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Definition 2.1. Let ρ ∈ L+loc. A weight ρ satisfies the slow variation condition
with respect to the basis of cubes B = {Q(x)}, if there exist 0 < b1 < 1 < b2
such that for a.a. x
b1ρ(x) < ρ(y) < b2ρ(x) for a.a. y ∈ Q(x). (i6)
Definition 2.3 [22]. A weight v ∈ L+loc satisfies the condition (A∞) with
respect to the basis In, if for any δ, 0 < δ < 1, there exists τ, 0 < τ < 1, such
that ∫
e
v 6 τ
∫
Q
v
for all Q ⊂ In and e ⊂ Q with measure |e| 6 δ|Q|.
In this chapter we define the function v∗(x) by the equality
v∗(x) = sup
{
h > 0: hlp−n
∫
Qh(x)
v(t) dt 6 1
}
.
We show that the following equality holds
W lp,v = W
l
p(1, v
∗−l) (pl > n)
for any weight v satisfying the condition (A∞). Here the function v∗(x) sat-
isfies the slow variation condition with respect to the basis B∗v = {Q∗(x) =
Qh(x)(x)}, h(x) = v∗(x).
Let 0 < δ < 1, Q ∈ In. We denote by Nδ(Q) the set of all measurable
subset e ⊂ Q with measure |e| 6 δ|Q|.
We will use the key inequality of
Lemma 2.1 [23]. Let 1 < p <∞, v ∈ L+loc. Assume that
M(δ)(x, h|v) = hlp−n inf
e∈Nδ(Q)
∫
Q\e
v > 1, Q = Qh(x).
Then the following inequality holds
h−lp
∫
Q
|u|p 6 c
(∫
Q
|∇lu|p +
∫
Q
|u|pv
)
for all u ∈ C∞(Q).
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Theorem 2.2. Let 1 < p 6 q < ∞, lp > n, γ ∈ Llocq,ω. Let ρ satisfy the slow
variation condition with respect to the basis B = {Q(x) = Qh(x)(x)}, where
h(x) = ρ(x)−ν/l, ν > 0. Assume that
C = ess sup
x
ρ(x)−ν(1−n/lp)
(∫
Q(x)
|γ|qω
)1/q
<∞.
Then γ ∈M(W lp(1, ρν)→ Lq,ω). Here the norm satisfies the following inequal-
ities
c ess sup
x
ρ(x)−ν(1−n/lp)
(∫
1
2
Q(x)
|γ|qω
)1/q
6 ‖γ;M(W lp(1, ρν)→ Lq,ω)‖ 6 cC.
Theorem 2.3. Let 1 < p 6 q < ∞, lp > n, γ ∈ Llocq,ω. Let ρ satisfy the slow
variation condition with respect to the basis B = {Q(x) = Qh(x)(x)}, where
h(x) = ρ(x)µ/l, µ > 0. Assume that
C = ess sup
x
ρ(x)−µn/lp
(∫
Q(x)
|γ|qω
)1/q
<∞.
Then γ ∈M(W lp(ρµ, 1)→ Lq,ω). Here the norm satisfies the following inequal-
ities
c ess sup
x
ρ(x)−µn/lp
(∫
1
2
Q(x)
|γ|qω
)1/q
6 ‖γ;M(W lp(ρµ, 1)→ Lq,ω)‖ 6 cC.
Let Γ be a compact manifold in Rn with dimension 6 n − 1. Let α be a
measure on Γ, α(Γ) <∞. Let Lq,α(Γ) be the space of all continuous functions
in Γ with the norm
‖u;Lq,α(Γ)‖ =
(∫
Γ
|u|q dα
)1/q
<∞.
Theorem 2.4. Let 1 < p 6 q < ∞, lp > n. Let γ ∈ C(Rn). Let ρ satisfy
the slow variation condition with respect to the basis B = {Q(x) = Qh(x)(x)},
where h(x) = ρ(x)µ/l, µ > 0. If
C = ess sup
x
ρ(x)−µn/lp
(∫
Q(x)
⋂
Γ
|γ|q dα
)1/q
<∞,
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then γ ∈M(W lp(ρµ, 1)→ Lq,α(Γ)). The norm satisfies the following inequality
‖γ;M(W lp(ρµ, 1)→ Lq,α(Γ))‖ 6 cC.
Below we consider the manifold Γ satisfying the condition: there exist
T > 0, 0 < β < n such that
sup
x∈Rn
|{y : |y − x| < R, dist(y,Γ) < ε}| 6 T εβRn−β (i7)
for all ε > 0, R > 0.
Example. If Γ = {x ∈ Rn : xm+1, . . . , xn = 0}, 1 6 m < n, then the set
Eε,R(x) = {y : |y − x| < R, dist(y,Γ) < ε}
is contained in the parallelepiped
P = {y : |yi − xi| < 2R, 1 6 i 6 m, |yi| < ε, m+ 1 6 i 6 n},
whence it follows that
|Eε,R(x)| 6 4nεn−mRm.
Let αβ = Hn−β be (n−β)-dimensional Hausdorff measure (see [24]). Then
the following estimate takes place
αβ(Q ∩ Γ) = Hn−β(Q ∩ Γ) 6 c T |Q|1−β/n, Q ∈ In
(see [23], §1.10).
Corollary 2.2. Let 0 < m < l be integers, 1 < p 6 q < ∞. Let lp > n,
mq > n, 0 < β < n. Let Γ satisfy the condition (i7), αβ(Γ) <∞. Assume that
γ ∈ Wmq,loc and
C = sup
x
ρ˜(x)m−n/p−β/q
(∫
Q˜(x)
(|∇mγ|q + |ρ˜−mγ|q) dy)1/q <∞.
Then γ ∈M(W lp(ρ˜l, 1)→ Lq,αβ(Γ)).
Definition 2.2. A weight v ∈ L+loc satisfies the condition (A(δ,β)), 0 < δ, β < 1,
with respect to the basis B = {Q(x)}, if∫
e
v 6 β
∫
Q
v
14 Introduction
for all Q ⊂ Q(x) and e ⊂ Q with measure |e| 6 δ|Q|.
Theorem 2.5. Let 1 < p 6 q < ∞, lp > n, γ ∈ Llocq,ω. Let v satisfy the
condition (A(δ,β)) with respect to the basis B
∗
v . Let there exist a constant c > 0,
such that (∫
1
2
Q∗(x)
|γ|qω
)1/q
6 c
(∫
Q∗(x)
v
)1/p
for a.a. x.
Then γ ∈M(W lp,v → Lq,ω). Here the norm satisfies the following estimates
‖γ;M(W lp,v → Lq,ω)‖ ∼ C∗ = ess sup
x
1(∫
Q∗(x) v
)1/p
(∫
1
2
Q∗(x)
|γ|qω
)1/q
<∞.
Corollary 2.3. Let 1 < p 6 q < ∞, lp > n, γ ∈ Llocq,ω. Let v satisfy the
condition (A∞) in In. Let
C = sup
Q∈In
(∫
1
2
Q
|γ|qω
)1/q
(∫
Q
v
)1/p <∞.
Then γ ∈M(W lp,v → Lq,ω) and the norm satisfies the following estimates
c1C
∗ 6 ‖γ;M(W lp,v → Lq,ω)‖ 6 c2C.
Let us proceed to describe spaces M(W lp(ρ
µ, ρν)→ Wmq,ω0,ω1).
We set (0 < τ 6 1)
K(τ)(x) = ω(x)
1/qρ(x)−µ
{
ρ(x)s(l−n/p)
(∫
τQ(x)
|∇mγ|q
)1/q
+
+ρ(x)s(l−m−n/p)
(∫
τQ(x)
|γ|q
)1/q}
.
Theorem 2.7. Let 1 < p 6 q <∞, lp > n, −∞ < µ, s <∞. Let 0 < m < l
be integers. Let γ ∈ Wmq,loc. Let ρ, ω satisfy the slow variation condition with
respect to the basis B = {Q(x) = Qh(x)(x)}, where h(x) = ρ(x)s. Assume that
K = ess sup
x
K(1)(x) <∞,
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then γ ∈ M(W lp(ρµ, ρµ−sl) → Wmq,ω,ωρ−smq). The norm satisfies the following
estimates
c0 ess sup
x
K( 12)
(x) = c0K0 6 ‖γ;M(W lp(ρµ, ρµ−sl)→ Wmq,ω,ωρ−smq)‖ 6 c1K.
In fact, Theorem 2.7 is a model theorem. It was important for us to show
the scheme of action of the local estimates method for describing multipliers
in spaces M(W lp(ρ
µ, ρν)→ Wmq,ω0,ω1). We have used the following equivalence
‖γ;W lp → Wmq ‖ ∼ ‖∇mγ;W lp → Lq‖+ ‖γ;W l−mp → Lq‖
(see [1]). The characterization of scales
M
(
W lp
(
(1 + |x|)µ, (1 + |x|)µ−sl)→ Wmq ((1 + |x|)µ, (1 + |x|)µ−sm))
(−∞ < µ <∞, s > 0), and
M
(
W lp,v → Wmq,v∗−mq
)
= M
(
W lp(1, v
∗−l)→ Wmq (1, v∗−m)
)
.
fall under the action of Theorem 2.7.
Corollary 2.6. Let 1 < p 6 q < ∞, lp > n. Let 0 < m < l be integers, µ >
0, s > 0. Let γ ∈ Wmq,loc. Let B = {Q(x) = Qh(x)(x)}, where h(x) = (1+ |x|)−s.
If
K = sup
Q(x)∈B
(1 + |x|)−s(l−n/p)
(∫
1
2
Q(x)
|∇mγ|q
)1/q
+
+(1 + |x|)−s(l−m−n/p)
(∫
1
2
Q(x)
|γ|q
)1/q <∞,
then
γ ∈M (W lp((1 + |x|)µ, (1 + |x|)µ−sl)→ Wmq ((1 + |x|)µ, (1 + |x|)µ−sm)) .
Here
‖γ;M (W lp((1 + |x|)µ, (1 + |x|)µ−sl)→ Wmq ((1 + |x|)µ, (1 + |x|)µ−sm)) ‖ ∼ K.
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Theorem 2.9. Let 1 < p 6 q < ∞, lp > n. Let 0 < m < l be integers. Let
γ ∈ Wmq,loc. Let v ∈ L+loc satisfy the condition (A(δ,β)) with respect to the basis
B∗
v,( 1
2
)
. If
K∗v = sup
x
v∗l−n/p(x)
(∫
1
4
Q∗(x)
|∇mγ|q
)1/q
+
+v∗l−m−n/p(x)
(∫
1
4
Q∗(x)
|γ|q
)1/q <∞,
then
γ ∈M(W lp,v → Wmq (1, v∗−m)).
Here the norm satisfies the following relation
‖γ ∈M(W lp,v → Wmq (1, v∗−m))‖ ∼ K∗v .
Definition 2.4. A basis B = {Q(x) = Qh(x)(x)} is called regular, if there
exists b > 1 such that for a.a. x
b−1h(x) 6 h(y) 6 b h(x) for a.a. y ∈ Q(x).
Definition 2.5. Let 1 < p < ∞. Let l > 1 be an integer. Let v ∈ L+loc. We
say that a function v satisfies the condition (pip,l,(δ)) (0 < δ < 1) in the basis
B = {Q(x) = Qh(x)(x)}, if
h(x)lp−n inf
e∈Nδ(Q(x))
∫
Q(x)\e
v  1 for a.a. x ∈ Rn.
Let us give some examples.
Example 1. The function v(x) = (1 + |x|)µ, µ > 0, satisfies the condition
(pip,l,(δ)) in the basis B = {Q(x) = Qh(x)(x)}, h(x) = (1 + |x|)−µ/lp.
Example 2. Let v satisfy the condition (A∞) with respect to the basis In and∫
Q1(x)
v  1 for a.a. x. Then v satisfies the condition (pip,l,(δ)) in the basis
B = {Q1(x)}.
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Example 3. Let 1 < p < ∞, pl > n. Let v satisfy the condition (A(δ,β)) with
respect to the basis B∗v . Then c v satisfies the condition (pip,l,(δ)) in the regular
basis B∗v,(τ) = {τQ∗(x)} (0 < τ 6 1/2).
Example 4. Let 0 < δ < 1. We set
v∗(δ)(x) = sup
{
h > 0: hlp−n inf
e∈Nδ(Qh(x))
∫
Qh(x)\e
v 6 1
}
.
We say that the function v is admissible, if there exists δ, 0 < δ < 1, such
that 0 < v∗(δ)(x) < ∞ for a.a. x. For the admissible function v, the following
equality is valid
v∗(δ)(x)
lp−n inf
e∈Nδ(Q∗)
∫
Q∗\e
v = 1
on the cubes Q∗ = Q∗δ(x) = Qh(x), 0 < h = v
∗
(δ)(x) < ∞ (see [23]). Thus,
any admissible weight v ∈ L+loc satisfies the condition (pip,l,(δ)) in the basis
B = {Q∗δ(x)}.
Let there be given B = {Q(x)}. We set InB =
⋃
Q(y)∈B
{Q ∈ In, Q ⊂ Q(y)}.
We denote by MBf(x) (f ∈ Lloc) the maximal operator defined by
MBf(x) = sup
Q∈InB,x∈Q
1
|Q|
∫
Q
|f |.
Theorem 2.10. Let 0 < m < l be integers. Let 1 < p 6 q < ∞, lp > n,
mq > n. Let γ ∈ Wmq,loc. Let the weighted functions v, ωi (i = 0, 1) satisfy the
following conditions:
1. v satisfies the condition (pip,l,(δ)) in the regular basis B = {Q(x) =
Qh(x)(x)};
2. MBω0 satisfies the slow variation condition with respect to the basis B;
3.
∫
Q(x)
ω1  h(x)−mq
∫
Q(x)
ω0.
Assume that
K = ess sup
x
{
h(x)l−n/p
(∫
Q(x)
|∇mγ|qMBω0
)1/q
+
+h(x)l−m−n/p
(∫
Q(x)
|γ|qMBω0
)1/q}
<∞,
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then γ ∈M(W lp,v → Wmq,ω0,ω1). Here the norm satisfies the following inequality
‖γ;M(W lp,v → Wmq,ω0,ω1)‖ 6 cK.
Definition 2.6. We say that a function ω ∈ L+loc satisfies the condition (MA∞)
with respect to the basis B = {Q(x)}, if there exist δ, 0 < δ < 1, and R > 0
such that
sup
Q
M(ωχQ) 6 R sup
Q\e
M(ωχQ), as soon as e ⊂ Q, |e| 6 δ|Q|,
for all Q ⊂ Q(x), Q(x) ∈ B.
For example, any weight satisfying the slow variation condition with respect
to the basis B = {Q(x)} satisfies the condition (MA∞).
Let us compare Theorem 2.10 with the following result obtained in [25].
Theorem ([25]). Let 0 < m < l be integers. Let 1 < p 6 q < ∞, lp > n.
Let γ ∈ C∞(Rn). Let v satisfy the condition (pip,l,(δ)), ωi (i = 0, 1) satisfy the
condition (MA∞) with respect to the basis B = {Q(x) = Qh(x)(x)}. If
C = ess sup
x
h(x)l−n/p
{∫
Q(x)
(|∇mγ|qMBω0 + |γ|qω1) dy
}1/q
+
+h(x)l−m−n/p
(∫
Q(x)
|γ|qMBω1
)1/q
<∞,
then γ ∈M(W lp,v → Wmq,ω0,ω1).
If we assume that in the theorem weights ωi (i = 0, 1) satisfy the condi-
tion 3) of Theorem 2.10, then C ∼ K. Indeed, let us look at the condition
(MA∞). Since, ω1 satisfies the condition (MA∞) with respect to the basis
B = {Qh(x)(x)}, then∫
Q(x)
|γ|qω1 6 sup
Q(x)
MBω1
∫
Q(x)
|γ|q 
 1|Q(x)|
∫
Q(x)
ω1
∫
Q(x)
|γ|q  h(x)−mq
(
1
|Q(x)|
∫
Q(x)
ω0
)∫
Q(x)
|γ|q 6
6 h(x)−mq
∫
Q(x)
|γ|qMBω0.
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Theorem 2.11. Let 0 < m < l be integers. Let 1 < p 6 q <∞, lp > n. Let
v, ω ∈ L+loc. Assume that γ ∈M(W lp,v → Wmq,ω,ωv∗−mq). Then
‖γ;M(W lp,v → Wmq,ω,ωv∗−mq)‖ > c ess sup
x
v∗(x)l−n/p
(∫
1
2
Q∗(x)
|∇mγ|qω(y) dy
)1/q
+
+v∗(x)l−m−n/p
(∫
1
2
Q∗(x)
|γ|qω(y) dy
)1/q .
Theorem 2.12. Let 0 < m < l be integers. Let 1 < p 6 q < ∞, lp > n,
mq > n. Let v satisfy the condition (A∞) in the basis In. Following statements
hold:
1. Let ω ∈ L+loc, γ ∈ Wmq,loc. Let MBω satisfy the slow variation condition
with respect to the basis B = B∗v,(τ) (1/2 < τ < 1). If
K∗(τ) = ess sup
x
{
v∗(x)l−n/p
(∫
τQ∗(x)
|∇mγ|qMBω(y) dy
)1/q
+
+v∗(x)l−m−n/p
(∫
τQ∗(x)
|γ|qMBω(y) dy
)1/q}
<∞,
then γ ∈ M(W lp,v → Wmq,ω,ωv∗−mq). The norm satisfies the following in-
equality
‖γ;M(W lp,v → Wmq,ω,ωv∗−mq)‖ 6 c1K∗(τ).
2. If γ ∈M(W lp,v → Wmq,ω,ωv∗−mq), then
‖γ;M(W lp,v → Wmq,ω,ωv∗−mq)‖ > c2K∗(1/2).
Let us present main results of Chapter 3.
Theorem 3.1. Let 0 < m < l be integers, 1 < p < ∞, pl < n. Let γ ∈
Wmp,loc. Let v satisfy the condition (pip,l,(δ)) in the regular basis B = {Q(x)},
H = ess sup
x
|Q(x)| <∞. If
K˜m = ess sup
x
{
|Q(x)|(l−m)/n−1/p
(∫
Q(x)
|γ|p
)1/p
+
+|Q(x)|l/n sup
Q(x)
(
M(|∇mγ|pχQ(x))
)1/p}
<∞,
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then γ ∈M(W lp,v → Wmp ). The norm satisfies the following inequality
‖γ;M(W lp,v → Wmp )‖ 6 c (1 +H l/n)K˜m.
Theorem 3.2. Let 0 < m < l be integers, 1 < p < n/l. Let v ∈ L+loc satisfy the
condition (pip,l,(δ)) in the regular basis B = {Q(x)}, H = ess sup
x
|Q(x)| < ∞.
Let γ ∈ Wmp,loc and M(|∇mγ|pχQ(x)) satisfy the condition (MA∞) with respect
to the basis B. If
Gm = ess sup
x
{
|Q(x)|(l−m)/n−1/p
(∫
Q(x)
|γ|p
)1/p
+
+|Q(x)|l/n−1/p
(∫
Q(x)
|∇mγ|p
)1/p}
<∞,
then γ ∈M(W lp,v → Wmp ). Here the norm satisfies the following inequality
‖γ;M(W lp,v → Wmp )‖ 6 c (1 +H l/n)Gm.
Corollary 3.1. Let 0 < m < l be integers, 1 < p < n/l. Let γ ∈ Wmp,loc. Let
G = sup
{Q1(x)}
{(∫
Q1(x)
|γ|p
)1/p
+ sup
Q1(x)
(
M |∇mγ|pχQ1(x)
)1/p}
<∞.
Following statements hold:
a) γ ∈M(W lp → Wmp ). Here the norm satisfies the following inequality
‖γ;M(W lp → Wmp )‖ 6 cG;
b) If M(|∇mγ|p) satisfies the condition (MA∞) with respect to the basis
{Q1(x)}, then
‖γ;M(W lp → Wmp )‖ ∼ sup
{Q1(x)}
‖γ;Wmp (Q1(x))‖.
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Remark 3.1. The following estimates (1 < p < n/l) have been proved in [1]:
c1 sup
x,0<r<1
(
rl−n/p‖∇mγ;Lp(Br(x))‖+ rl−m−n/p‖γ;Lp(Br(x))‖
)
6
6 ‖γ;M(W lp → Wmp )‖ 6 c2
(
sup
diam(e)<1
|e|l/n−1/p
(∫
e
|∇mγ|p
)1/p
+
+ sup
{B1(x)}
(∫
B1(x)
|γ|p
)1/p)
.
The results of the thesis have been presented at seminars at the L.N. Gu-
milyov Eurasian National University (Astana, Kazakhstan), Universita` degli
Studi di Padova (Padova, Italy), The Akmulla Bashkir State Pedagogical Uni-
versity (Ufa, Russia), International Kazan Summer School-Conference ”The-
ory of Functions, its Applications and Adjacent Problems” (Kazan, Russia),
International scientific conference ”Lomonosov – 2016” (Lomonosov Moscow
State University, Kazakhstan branch, Astana), and have been published in
[26]-[30].
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Chapter 1
One-dimensional differential
operators and multipliers in
weighted Sobolev spaces on the
real line
In this chapter we obtain boundedness conditions of the operator Ly =
l∑
k=0
ρk(x)y
(k)
acting from W np,v(0,∞) to the space Lq,ω(0,∞) and descriptions of the space
of multipliers M(W np,v → W lq,ω0,ω1).
1.1 Sobolev spaces W np (a, b). Embedding inequal-
ities
Let Ω be one of the intervals of the form (a, b), [a, b], (a, b], [a, b), −∞ ≤
a < b ≤ +∞, 1 ≤ p < ∞. By Lp (Ω) we denote the Lebesgue space of all
measurable functions f : Ω→ R with the norm
‖f‖Lp(Ω) = ‖f ; Lp(Ω)‖ =
(∫
Ω
|f (x)|p dx
) 1
p
<∞
23
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(It is commonly supposed that f = 0, if f(x) = 0 for a.a. x ∈ Ω). Lp,loc(Ω)
denotes the space of all functions f : Ω → R such that f ∈ Lp([a, b]) for
all [a, b] ⊂ Ω (0 < b − a < ∞). Let Lloc(Ω) = L1,loc(Ω), L+loc(Ω) = {f ∈
Lloc(Ω) : f(x) > 0 for a.a. x ∈ Ω}. A function v of L+loc(Ω) is called a weight
in Ω.
A function f : Ω → R is called absolutely continuous in each [a, b] ⊂ Ω, if
for every positive number ε > 0 there exist δ = δ(ε) > 0 such that whenever a
finite sequence of pairwise disjoint sub-intervals (ak, bk)
+∞
k=1 of [a, b] satisfies
+∞∑
k=1
(bk − ak) < δ
then we have
+∞∑
k=1
|f(bk)− f(ak)| < ε.
We denote by W np (Ω), 1 6 p <∞ (n > 1− an integer), the Sobolev space
of all functions y having absolutely continuous derivatives up to order n− 1 in
Ω and finite norm in the following form
∥∥y;W np (Ω)∥∥ = (∫
Ω
(∣∣y(n)(x)∣∣p + |y(x)|p) dx) 1p .
By Cn[a, b] is denoted the space of all functions y, having continuous deriva-
tives up to order n in [a, b].
Proposition 1.1 (see [31]). Let 1 6 p, q < ∞. Then there exist constants
A(n, j, p), A(n, j, p, q), j = 0, 1, 2, . . . , n− 1, such that
max
a≤x≤b
∣∣y(j)(x)∣∣ ≤ A(n, j, p)(∫ 1
0
∣∣y(n)(t)∣∣p dt+ ∫ 1
0
|y(t)|p dt
)1/p
, (1.1)
∥∥y(j);Lq[0, 1]∥∥ ≤ A(n, j, p, q)(∫ 1
0
∣∣y(n)(t)∣∣p dt+ ∫ 1
0
|y(t)|p dt
)1/p
(1.2)
for all functions y ∈ Cn[0, 1]. Here we understand that the symbols A(n, j, p),
A(n, j, p, q) denote the best choice of the constants in (1.1), (1.2).
Let ∆0 = [0, 1]. Let ∆h be a segment with a length h. The change of
variables y = x + hξ, ξ ∈ ∆0, allows us to deduce following estimates from
(1.1), (1.2):
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Let 1 6 p, q <∞. Then
max
x∈∆h
∣∣y(j)(x)∣∣ 6 A(n, j, p)hn−j−1/p×
×
(∫ x+h
x
∣∣y(n)(t)∣∣p dt+ h−np ∫ x+h
x
|y(t)|p dt
)1/p
, (1.3)
∥∥y(j); Lq(∆h)∥∥ 6 A(n, j, p, q)hn−j−1/p+1/q×
×
(∫ x+h
x
∣∣y(n)(t)∣∣p dt+ h−np ∫ x+h
x
|y(t)|p dt
)1/p
. (1.4)
26One-dimensional differential operators and multipliers in weighted Sobolev spaces on the real line
1.2 ”Running averages” (Olelbayev functions)
In this section we introduce the function v∗ for v ∈ L+loc(I), I = (0,∞). Namely,
v∗(x) = sup
{
h > 0: hnp−1
∫ x+h
x
v(t) dt 6 1
}
.
Functions such as v∗ is called ”running averages” of v or Olelbayev functions.
They were first introduced by M. Otelbaev to estimate the asymptotic behavior
of the eigenvalues of the Sturm-Liouville operator
Ly ≡ −y′′ + q(x)y, x ∈ (−∞,∞),
with the irregular potential q(·) > 0 (see [11], [12], [13]). In [11], it is used
q∗(x) = inf
h>0
{h−2 : 1 >
∫ x+h/2
x−h/2
q(t) dt}.
On intervals ∆ = [x, x+ hx], hx = v
∗(x), the best choice of the constant C in∫
∆
|y|p dt 6 Cp
∫
∆
(|y(n)|p + |y|pv(t)) dt
is equivalent to v∗(x)−np or its modification (see [13]-[23]).
We show that if np > 1, then 0 < v∗(x) <∞ for all x > 0. To do this, we
note that
M(x, h; v)
def
= hnp−1
∫ x+h
x
v(t) dt −−−→
h→0+
0
and that M(x, h; v) → ∞ if h → ∞. Hence, there exist δx > 0 and Tx > 0,
such that
M(x, h; v) 6 1, if 0 < h 6 δx,
M(x, h; v) > 1, if h > Tx.
Therefore, we obtain
(0, δx) ⊂ Hx,v = {h > 0: M(x, h; v) 6 1} ⊂ (0, Tx),
δx 6 supHx,v = v∗(x) 6 Tx.
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The function v∗(·) is right-continuous in I. By using absolute continuity
property of the integral, we have
v∗(x)np−1
∫ x+v∗(x)
x
v(t) dt = 1. (1.5)
Let h = v∗(x). For ε, 0 < ε < min{1, h}, and δ, 0 < δ < ε, we have
(h− ε)np−1
∫ x+δ+h−ε
x+δ
v dt 6 hnp−1
∫ x+h
x
v dt = 1,
which implies that
v∗(x)− ε 6 v∗(x+ δ) (0 < δ < ε < min{1, h}).
Then equality (1.5) implies that
(h+ ε)np−1
∫ x+h+ε+δ
x
v dt > (h+ ε)np−1
∫ x+h+ε
x
v dt > 1.
Hence, there exists γ = γ(ε), 0 < γ < 1, such that
1 + γ = (h+ ε)np−1
[∫ x+h+ε+δ
x+δ
v dt+
∫ x+δ
x
v dt
]
.
There is δ0 ∈ (0, ε) such that
(h+ 1)np−1
∫ x+δ
x
v dt < γ, if 0 < δ 6 δ0.
Moreover, (h+ ε)np−1
∫ x+h+ε+δ
x+δ
v dt > 1. Hence, we have
v∗(x+ δ) < h+ ε = v∗(x) + ε, 0 < δ 6 δ0.
Thus,
|v∗(x+ δ)− v∗(x)| < ε, 0 < δ 6 δ0.
Example 1. Let v(x) = (1 + x)µ, µ > 0 (x > 0). Assume that h = v∗(x). Then
1 = hnp−1
∫ x+h
x
(1 + t)µ dt > hnp(1 + x)µ,
whence it follows that
v∗(x) 6 (1 + x)−µ/np.
28One-dimensional differential operators and multipliers in weighted Sobolev spaces on the real line
Next, we obtain
1 6 hnp(1 + x+ (1 + x)−µ/np)µ 6 hnp
(
3
2
(1 + x)
)µ
,
v∗(x) >
(
2
3
)µ/np
(1 + x)−µ/np.
We have proved that
((1 + x)µ)∗ ∼ (1 + x)−µ/np (µ > 0).
Example 2. Let v(x) = (1 + x)k sin2 xm, m > 1 is an integer, k > 1. Since
v(x) 6 (1 + x)k (x > 0), then
v∗(x) >
(
2
3
)k/np
(1 + x)−k/np.
Next, we show that
v∗(x) 6 4k/np(1 + x)−k/np, x >
(
8
m
(pi)1/m
)m/(m−1)
.
Let ∆ = [x, x+ h], h = v∗(x). We have
1 = hnp−1
∫
∆
(1 + t)k sin2 tm dt > hnp−1(1 + x)k
∫
∆
sin2 tm dt.
Let ∆j =
[
(pi)1/m(j + 1)1/m, (pi)1/m
(
j + 5
6
)1/m]
, j = 0, 1, . . . ; Ω =
∞⋃
j=0
(∆ ∩∆j).
Let x > 0. Then
|Ω| 6
∑
j : ∆∩∆j 6=∅
(pi)1/m
[
(j + 1)1/m −
(
j +
5
6
)1/m]
=
= (pi)1/m
∑
j : ∆∩∆j 6=∅
∫ j+1
j+ 5
6
(t1/m)′ dt 6 (pi)1/m
∫ x+h
x
(t1/m)′ dt =
=
2
m
(pi)1/m
∫ x+h
x
t−1+1/m dt 6 2
m
(pi)1/mx−1+1/mh.
If x >
(
8
m
(pi)1/m
)m/(m−1)
, then |Ω| 6 h
4
. Let Ω˜ = {t ∈ ∆: sin2 tm 6 1
2
}. Then
|Ω˜| 6 2|Ω| 6 h
2
, and
1 > hnp−12−1(1 + x)k
∫
∆\Ω˜
dt > 4−1hnp(1 + x)k.
We define as length function in I any positive and right-continuous function
h(·) (h(·) is a l.f.). We denote by ∆(x) the segment [x, x+h(x)] for the l.f. h(·).
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Definition 1.1. A weighted function v in I is called admissible with respect
to the length function h(·), if there exist 0 < δ < 1, 0 < τ ≤ 1, such that the
following inequality is true
h(x)n−
1
p inf
{e}
(∫
∆(x)\e
v(t) dt
) 1
p
> τ (1.6)
for all ∆(x) = [x, x+ h(x)], x ∈ I.
In (1.6) the infimum is taken over all measurable subset e of ∆(x) with
Lebesgue measure |e| ≤ δ |∆(x)| .
We denote by Πn,p(δ, τ) the set of all admissible weights v with respect to
the l.f. h(·).
We give some examples.
Example 3. Since
inf
{e}
(∫
[x,x+1]\e
dt
) 1
p
> (1− δ) 1p = τ,
the function v = 1 is admissible with respect to the l.f. h(·) = 1.
Definition 1.2. We say that a function ω(·) > 0 satisfies the slow variation
condition with respect to the l.f. h(·), if there exist constants 0 < b1 < 1 < b2
such that
b1ω(x) 6 ω(t) 6 b2ω(x) for all t ∈ ∆(x). (1.7)
Example 4. Let v satisfy the slow variation condition (1.7) with respect to the
l.f. h(x) = v(x)−
1
np . Then v is admissible with respect to the l.f. h(x) =
v(x)−
1
np with τ p = b1(1− δ). The proof is trivial.
Every power function v (x) = (1 + x)µ , 0 < µ < +∞ satisfies the slow
variation condition with respect to the l.f. h (x) = (1 + x)−
µ
np in I. Indeed,(
1 + t
1 + x
)µ
6
(
1 + x+ h(x)
1 + x
)µ
=
(
1 +
(
1
1 + x
)1+ µ
np
)µ
6 2µ = b2,(
1 + t
1 + x
)µ
=
(
1 + x+ t− x
1 + x
)µ
=
(
1 +
t− x
1 + x
)µ
> 1 > 2−µ = b1
for all t ∈ ∆(x).
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Definition 1.3. We say that a weight v satisfies the condition A(δ,β) (0 <
δ, β < 1) with respect to the length function h(·) in I, if for any interval
∆ = [a, b] ⊂ ∆(x) = [x, x + h(x)] (x > 0) and any measurable subset e of ∆
with the Lebesgue measure |e| 6 δ|∆| the following inequality holds∫
e
v(t) dt 6 β
∫
∆
v(t) dt.
We denote by A(δ,β) the set of all weights v which satisfy the condition A(δ,β).
For example, if b2b
−1
1 δ < 1 in (1.7), then v ∈ A(δ,β) with β = b2b−11 δ.
Example 5. Any weight v ∈ A(δ,β) in I is admissible with respect to the
l.f. h(x) = v∗(x). Thus, for all e ⊂ ∆∗(x) = [x, x+ v∗(x)] with measure |e| 6
δ|∆∗(x)|, we have
v∗(x)np−1 inf
{e}
∫
∆∗(x)\e
v(t) dt = v∗(x)np−1 inf
{e}
(∫
∆∗(x)
v(t) dt−
∫
e
v(t) dt
)
>
> (1− β)v∗(x)pn−1
∫
∆∗(x)
v(t) dt = 1− β = τ.
We denote by |E| the Lebesgue measure of a set E ⊂ (−∞,∞) = R.
Proposition 1.2 ([23]). Let 1 ≤ p <∞. Let Rn,p be the set of all polynomials
R(·) of degree 6 n− 1 such that
2−
1
p 6 ‖R‖Lp(0,1) 6 2
1
p .
Then for each δ ∈ (0, 1) there exists γ˜ > 0 such that
∣∣{x ∈ [0, 1] : |R(x)| 6 γ}∣∣ 6 δ
for all 0 < γ 6 γ˜ and R ∈ Rn,p.
The following statement is well known and it follows from the Taylor for-
mula.
Proposition 1.3. Let 1 ≤ p < ∞. Then for any u ∈ Cn[0, 1] there exists a
polynomial Ru of degree 6 n− 1 such that
‖u−Ru‖Lp(0,1) 6 c
∥∥u(n)∥∥
Lp(0,1)
.
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Lemma 1.1. Let v belong to Πn,p(δ, τ) with respect to the l.f. h(·). Then there
exists a constant c∗ = c∗(δ, τ) > 1 such that
h(x)−np
∫ x+h(x)
x
|y|p dt 6 c∗
∫ x+h(x)
x
(∣∣y(n)∣∣p + |y|p v(t)) dt (x > 0) (1.8)
for all y ∈ Cn (∆) , where ∆ = [x, x+ h(x)].
Proof. By applying the change of variables z(ξ) = y(x+hξ), v˜(ξ) = v(x+hξ),
ξ ∈ [0, 1], h = h(x), we obtain the following equivalent formulation of
inequality (1.8)∫ 1
0
|z|p dξ 6 c∗
∫ 1
0
∣∣z(n)∣∣p dξ + c∗hnp ∫ 1
0
|z|pv˜(ξ) dξ. (1.9)
Next we can suppose that ∫ 1
0
|z|p dξ = 1, (1.10)
in (1.9). So instead of (1.9), it suffices to show the following inequality
1 ≤ c∗
∫ 1
0
∣∣z(n)∣∣p dξ + c∗hnp ∫ 1
0
|z|pv˜(ξ) dξ. (1.11)
Let β be a number from the interval (0, 1). For such a β, we can distinguish
two cases. Namely
i) ∫ 1
0
∣∣z(n)∣∣p dξ > (βδ)p; (1.12)
ii) ∫ 1
0
∣∣z(n)∣∣p dξ < (βδ)p. (1.13)
We first consider the case in which inequality (1.12) holds. In such a case
inequality (1.11) is fulfilled with c∗ = (βδ)−p. We now consider the case in
which inequality (1.13) holds. By virtue of Proposition 1.3 there exists a
polynomial R0 of degree 6 n− 1 such that
‖z −R0‖Lp(0,1) 6 c1
∥∥z(n)∥∥
Lp(0,1)
6 c1βδ.
Moreover, by (1.10), we have
2−
1
p 6 1− c1βδ 6 ‖R0‖Lp(0,1) 6 1 + c1βδ 6 2
1
p
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provided that c1βδ 6 min
{
2
1
p − 1; 1− 2− 1p
}
. Then by virtue of Proposi-
tion 1.2 there exists γ¯ > 0 such that |eγ| 6 δ2 , where eγ = {ξ ∈ [0, 1] : |R0(ξ)| 6 γ}
(0 < γ 6 γ¯). Let e˜γ =
{
ξ ∈ [0, 1] : z(ξ) 6 γ
2
}
, e′γ = {ξ ∈ e˜γ : |R0(ξ)| > γ} ,
e′′γ = {ξ ∈ e˜γ : |R0(ξ)| 6 γ} , e′γ ∩ e′′γ = ∅, e˜γ = e′γ ∪ e′′γ, e′′γ ⊂ eγ. If t ∈ e′γ,
then
|R0(t)− z(t)| >
∣∣|R0(t)| − |z(t)|∣∣ > γ
2
.
Thus,
|e˜γ| =
∫
e′γ
dξ +
∫
e′′γ
dξ 6 2
γ
∫
e′γ
|R0(ξ)− z(ξ)| dξ + δ
2
6
6 2
γ
‖R0 − z‖Lp(0,1) +
δ
2
6 δ
(
2
γ
c1β +
1
2
)
6 δ,
if
2
γ
c1β +
1
2
6 1. (1.14)
Let us take β = (4c1)
−1 min(1, γ). Then (1.14) holds.
Let f = {t : t = x+ hξ, ξ ∈ e˜γ} . It is clear that |f | 6 δh. Thus, for the
second summand in inequality (1.11) we have
hnp
∫ 1
0
|z|pv˜(ξ) dξ >
(γ
2
)p
hnp
∫
[0,1]\e˜γ
v˜(ξ) dξ = (1.15)
=
(γ
2
)p
hnp−1
∫
∆(x)\f
v(t) dt >
(γτ
2
)p
.
Hence, inequality (1.11) is true with the constant
c∗ = max
{( γ¯τ
2
)−p
,
(
min(1, γ¯)
4c1
δ
)−p}
.
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1.3 Weighted Sobolev spaces. Embedding in-
equalities
Let v ∈ L+loc(I), I = (0,∞). We denote by Lp,v = Lp,v(I) the space of all
functions with the following finite weighted Lebesgue norm in I
‖u‖Lp,v(I) = ‖u;Lp,v(I)‖ =
(∫
I
|u|pv(x) dx
) 1
p
(1 6 p <∞).
We note that Lp(I) = Lp,v(I), if v = 1. Here by C
∞(I), C∞0 (I) we denote the
space of all infinitely differentiable functions in I and the space of functions of
C∞(I) with compact support supp f in I, respectively. Llocp,ω denotes the space
of all functions f : I → R, such that f ∈ Lp,ω([a, b]) for all [a, b] ⊂ I.
Let us denote by W np,v = W
n
p,v(I) the weighted Sobolev space of all functions
y, having absolutely continuous derivatives up to order n − 1 in I and finite
weighted norm in the following form
‖y‖Wnp,v(I) = ‖y(n)‖Lp(I) + ‖y‖Lp,v(I) <∞ (1 6 p <∞). (1.16)
Let χE be the characteristic function of a subset E of R, E is the closure
of E. By c we denote constants depending only on the assigned numerical
parameters, for example, c = c(l, p, n), etc.
Let ω0, ω1 ∈ L+loc(I). Let l > 1 be an integer. We denote by W lq,ω0,ω1 =
W lq,ω0,ω1(I) the weighted Sobolev space of all functions y having absolutely
continuous derivative up to order l − 1 with the following weighted norm
∥∥y; W lq,ω0,ω1(I)∥∥ = ∥∥y(l); Lq,ω0(I)∥∥+ ‖y; Lq,ω1(I)‖ .
Lemma 1.2. Let 1 6 p, q < ∞. Let j be an integer, 0 6 j < n. Let v ∈
Πn,p(δ, τ) with respect to the l.f. h(·). Let ω ∈ Llocq,ω, dω(t) = ω(t) dt. Then
max
[x,x+h(x)]
|y(j)(t)| 6 (c∗ + 1)A(n, j, p)× (1.17)
×h(x)n−j−1/p
(∫ x+h(x)
x
|y(n)(t)|p dt+
∫ x+h(x)
x
|y(t)|pv(t) dt
)1/p
,
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(∫ x+h(x)
x
|y(j)(t)|q dω(t)
)1/q
6 (c∗ + 1)A(n, j, p, q)h(x)n−j−1/p× (1.18)
×
(∫ x+h(x)
x
ω(t) dt
)1/q(∫ x+h(x)
x
|y(n)(t)|p dt+
∫ x+h(x)
x
|y(t)|pv(t) dt
)1/p
.
Proof. Let y ∈ W np,v, y˜(ξ) = y(x+ h(x)ξ). By (1.1), (1.8), we have
max
[x,x+h(x)]
|y(j)| = h(x)−j max
[0,1]
|y˜(j)| 6 (c∗ + 1)A(n, j, p)×
×h(x)n−j−1/p
(∫ x+h(x)
x
|y(n)(t)|p dt+
∫ x+h(x)
x
|y(t)|pv(t) dt
)1/p
.
By (1.17), we have(∫ x+h(x)
x
|y(j)(t)|q dω(t)
)1/q
6 max
[x,x+h(x)]
|y(j)|
(∫ x+h(x)
x
ω(t) dt
)1/q
6
6 (c∗ + 1)A(n, j, p, q)h(x)n−j−1/p
(∫ x+h(x)
x
ω(t) dt
)1/q
×
×
(∫ x+h(x)
x
|y(n)(t)|p dt+
∫ x+h(x)
x
|y(t)|pv(t) dt
)1/p
.
Lemma 1.3. Let 1 6 p, q < ∞, pn > 1. Let 1 6 l < n be integers. Let
v ∈ Πn,p(δ, τ) with respect to the l.f. h(·). Let ωi ∈ Llocq,ωi (i = 0, 1). Then(∫ x+h(x)
x
|y(l)(t)|qω0(t) dt
)1/q
+
(∫ x+h(x)
x
|y(t)|pω1(t) dt
)1/q
6
6 (c∗ + 1)A(n, j, p, q)
h(x)n−l−1/p(∫ x+h(x)
x
ω0(t) dt
)1/q
+
+h(x)n−1/p
(∫ x+h(x)
x
ω1(t) dt
)1/q×
×
(∫ x+h(x)
x
|y(n)(t)|p dt+
∫ x+h(x)
x
|y(t)|pv(t) dt
)1/p
for all u ∈ W np,v.
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1.4 One-dimensional differential operators
L : W np,v(0,∞)→ Lq,ω(0,∞)
In this section we consider the differential operator of the following form
Ly =
l∑
k=0
ρk(x)y
(k) (x > 0), (1.19)
where ρk(·) ∈ Lloc(I), I = (0,∞), l > 1 is an integer. In the sequel, we
assume that L is defined on a subspace D(L) of W np,v. Here we will investigate
the boundedness of the operator L : W np,v → Lq,ω.
Theorem 1.1. Let n > 1 be an integer. Let 1 < p 6 q < ∞. Let v belong to
Πn,p(δ, τ) with respect to the l.f. h(·). Let
Rk = sup
x>0
h(x)n−k−
1
p
{∫ x+h(x)
x
|ρk(t)|q dω(t)
} 1
q
<∞
for k = 0, 1, . . . , l. Then the operator L in (1.19) is bounded from W np,v(I) to
Lq,ω(I). Here the norm satisfies the following inequality
∥∥L; W np,v(I)→ Lq,ω(I)∥∥ 6 c l∑
k=0
Rk. (1.20)
Proof. Let y ∈ D(L) ⊂ W np,v. For the k-th summand in (1.19), we have
∥∥ρky(k)∥∥qq,ω = ∫ ∞
0
∣∣ρky(k)∣∣q dω(t) = ∞∑
j=0
∫
∆j
∣∣ρky(k)∣∣q dω(t), (1.21)
where the system of segments {∆j} , j ≥ 0, is constructed as follows
∆j+1 = [xj, xj+1] , xj+1 = xj + h(xj) (x0 = 0) .
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By virtue of (1.17), we obtain
∫ ∞
0
∣∣ρk(t)y(k)∣∣q dω(t) = ∞∑
j=0
∫
∆j
∣∣ρk(t)y(k)∣∣q dω(t) 6
6
∞∑
j=0
(
max
∆j
∣∣y(k)∣∣)q ∫
∆j
|ρk(t)|q dω(t) 6
6
∞∑
j=0
(1 + c∗) 1p A(n, k, p) |∆j|n−k− 1p [∫
∆j
(∣∣y(n)∣∣p + v(t) |y|p) dt] 1p
q×
(1.22)
×
∫
∆j
|ρk(t)|q dω(t) 6 c˜qn,k,p
∞∑
j=0
|∆j|n−k− 1p (∫
∆j
|ρk(t)|q dω(t)
) 1
q
q×
×
[∫
∆j
(∣∣y(n)∣∣p + v(t) |y|p) dt] qp 6 c˜qn,k,pRqk ∥∥y; W np,v(I)∥∥q ,
where c˜n,k,p = A(n, k, p) (1 + c
∗)
1
p .
As a result we obtain
‖Ly; Lq,ω (I)‖ 6
l∑
k=0
∥∥ρky(k); Lq,ω∥∥ 6 c l∑
k=0
Rk
∥∥y; W np,v(I)∥∥ .
Thus the proof of Theorem 1.1 is complete.
Let us assume that the operator L in (1.19) is bounded as an operator
from W np,v to Lq,ω, i.e. D(L) ⊂ W np,v and there exists a constant b > 0 such
that (∫
I
|Ly|q dω(t)
) 1
q
6 b ‖y; W np,v‖ (y ∈ D(L)). (1.23)
We take the function η ∈ C∞0 (I), 0 6 η 6 1, with supp (η) ⊂ [0, 1], such
that η = 1 in
[
1
4
, 3
4
]
. Let ∆ = [x, x+ h(x)], h(x) = v∗(x), ∆˜ = [x+ h
4
, x+ 3h
4
].
We set y0(t) = η
(
t−x
h
)
. Then y0(t) = 1, Ly0(t) = ρ0(t) for all t ∈ ∆˜. Therefore,
(∫
∆˜
|ρ0|q dω(t)
) 1
q
=
(∫
∆˜
|Ly0|q dω(t)
) 1
q
6 b ‖y0; W np,v(∆)‖. (1.24)
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Moreover,
‖y0; W np,v(∆)‖ =
(∫
∆
∣∣∣y(n)0 (t)∣∣∣p dt) 1p + (∫
∆
|y0(t)|pv(t) dt
) 1
p
=
=
(∫
∆
h−np
∣∣∣∣η(n)(t− xh
)∣∣∣∣p dt) 1p + (∫
∆
v(t) dt
) 1
p
6 (1.25)
6 h−n+
1
p (c∗n + 1) ,
where c∗n = ‖η(n); C[0, 1]‖ = max
t∈[0,1]
|η(n)(t)|.
We recall that the following equality holds in ∆
hn−
1
p
(∫
∆
v(t) dt
) 1
p
= 1.
By (1.24), (1.25), we obtain(∫
∆˜
|ρ0|q dω(t)
) 1
q
6 c˜0 b h−n+
1
p , (1.26)
where c˜0 = c
∗
n + 1. We take the function y1(t) = (t − x)y0(t). We have
|y1(t)| =
∣∣(t− x)η ( t−x
h
)∣∣ = |t − x| 6 h, |y′1(t)| = |(t − x)y′0(t) + y0(t)| = 1,∣∣∣y(k)1 (t)∣∣∣ = 0 for any t ∈ ∆˜, when k > 2. Therefore, from (1.23) it follows that(∫
∆˜
|ρ1|q dω(t)
) 1
q
=
∥∥∥Ly1 − ρ0y1; Lq,ω(∆˜)∥∥∥ 6
6 ‖Ly1; Lq,ω(∆˜)‖+ ‖ρ0y1; Lq,ω(∆˜)‖ 6 b ‖y1; W np,v(∆)‖+ c˜0 b h1−n+
1
p . (1.27)
We have ∣∣∣y(n)1 (t)∣∣∣ =
∣∣∣∣∣
n∑
j=0
(
n
j
)
(t− x)(j)h−(n−j)η(n−j)
(
t− x
h
)∣∣∣∣∣ 6
6
∣∣∣∣(n0
)
(t− x)h−nη(n)
(
t− x
h
)∣∣∣∣+ ∣∣∣∣(n1
)
h−(n−1)η(n−1)
(
t− x
h
)∣∣∣∣ 6
6 h−n+1
[(
n
0
)
c∗n +
(
n
1
)
c∗n−1
]
.
Hence,
∥∥y1; W np,v(∆)∥∥ = ∥∥∥y(n)1 ; Lp(∆)∥∥∥+ (∫
∆
∣∣∣∣(t− x)η(t− xh
)∣∣∣∣p v(t) dt) 1p 6
6 h1−n+
1
p
{(
n
0
)
c∗n +
(
n
1
)
c∗n−1 + 1
}
= h1−n+
1
p
{
1 +
1∑
j=0
(
n
j
)
c∗n−j
}
. (1.28)
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By (1.26), (1.27), (1.28), we have(∫
∆˜
|ρ1|q dω(t)
) 1
q
6 b h1−n+
1
p
{
1 +
1∑
j=0
(
n
j
)
c∗n−j
}
+ c˜0 b h
1−n+ 1
p =
= b h1−n+
1
p
{
1∑
j=0
(
n
j
)
c∗n−j + c˜0 + 1
}
= c˜1 b h
1−n+ 1
p .
Let us assume that for any k (1 6 k < l) following estimates hold∥∥∥ρj; Lq,ω(∆˜)∥∥∥ 6 b hj−n+ 1p c˜j (0 6 j 6 k − 1).
Then we take yk(t) = (t− x)ky0(t), and we have
yk(t) = (t− x)k,
y
(j)
k (t) = k(k − 1) . . . (k − j + 1)(t− x)k−j (1 6 j 6 k),
y
(j)
k (t) = 0 (j > k)
for all t ∈ ∆˜. Thus,
(∫
∆˜
|ρk(t)|q dω(t)
) 1
q
=
1
k!
(∫
∆˜
∣∣∣ρk(t)y(k)k ∣∣∣q dω(t)) 1q =
=
1
k!
(∫
∆˜
∣∣∣∣∣Lyk(t)−
k−1∑
j=0
ρj(t)y
(j)
k
∣∣∣∣∣
q
dω(t)
) 1
q
6
6 1
k!
{∥∥∥Lyk; Lq,ω(∆˜)∥∥∥+ k−1∑
j=0
∥∥∥ρjy(j)k ; Lq,ω(∆˜)∥∥∥
}
6
6 1
k!
b
∥∥yk; W np,v(∆)∥∥+ 1k!
k−1∑
j=0
∥∥∥ρjy(j)k ; Lq,ω(∆˜)∥∥∥ 6
6 1
k!
b
{∥∥∥y(n)k ; Lp(∆)∥∥∥+ ‖yk; Lp,v(∆)‖}+ k−1∑
j=0
1
(k − j)!h
k−j
∥∥∥ρj; Lq,ω(∆˜)∥∥∥ 6
6 1
k!
b

(∫
∆
∣∣∣∣∣
k∑
j=0
(
n
j
)(
(t− x)k)(j) hj−nη(n−j)(t− x
h
)∣∣∣∣∣
p
dt
) 1
p
+
+
(∫
∆
|yk|pv(t) dt
) 1
p
}
+
+
k−1∑
j=0
1
(k − j)!h
k−j
(∫
∆˜
|ρj|q dω(t)
) 1
q
6 b hk−n+
1
p c˜k.
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So, we have(∫ x+3h/4
x+h/4
|ρk(t)|q dω(t)
)1/q
 b hk−n+ 1p (h = v∗(x), 0 6 k 6 l). (1.29)
Theorem 1.2. Let 1 < p < ∞, 1 6 q < ∞, pn > 1. Let the operator L in
(1.19) be bounded from W np,v to Lq,ω. Then
R˜k = sup
x>0
v∗(x)n−k−
1
p

x+
3v∗(x)
4∫
x+
v∗(x)
4
|ρk(t)|q dω(t)

1
q
6 c˜k
∥∥L; W np,v → Lq,ω∥∥ .
(1.30)
Proof. We have the fulfillment of condition (1.23) with b =
∥∥L; W np,v → Lq,ω∥∥ .
In this case, we have shown that the following inequality holds
v∗(x)n−k−
1
p

x+
3v∗(x)
4∫
x+
v∗(x)
4
|ρk(t)|q dω(t)

1
q
6 c˜k
∥∥L; W np,v → Lq,ω∥∥
for all x > 0. Then it follows the validity of inequality (1.30). The proof of
Theorem 1.2 is complete.
We set R∗ =
l∑
k=0
R∗k, where R
∗
k = Rk with h(x) = v
∗(x), and R˜∗ =
l∑
k=0
R˜k.
Theorem 1.3. Let 1 < p 6 q <∞. Let v be in A(δ,β). Let R∗ <∞. Then the
operator L in (1.19) is bounded from W np,v to Lq,ω. Furthermore,
c0R˜
∗ 6
∥∥L; W np,v → Lq,ω∥∥ 6 c1R∗.
The statements of Theorem 1.3 are direct consequences of Theorem 1.1 and
Theorem 1.2.
Corollary 1.1. Let 1 < p 6 q <∞. The following statements are true:
a) Let the operator L in (1.19) be bounded from W np to Lq,ω. Then
A =
l∑
k=0
sup
x>1
x+1∫
x
|ρk|q dω <∞.
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b) Let
A =
l∑
k=0
sup
x>0
x+1∫
x
|ρk|q dω <∞.
Then the operator L in (1.19) is bounded from W np to Lq,ω. Moreover,
c0 (A)
1
q 6
∥∥L; W np → Lq,ω∥∥ 6 c1 (A) 1q ,
where the constants 0 < c0 < c1 and ci (i = 0, 1) depend only on n, l, p and q.
The statement b) follows from Theorem 1.1, because v(x) = 1 ∈ Πn,p
(
2−1, 2−
1
p
)
∩
A( 12 ,
1
2)
with respect to the l.f. h(x) = 1. The statement a) follows from Theo-
rem 1.2, because v∗(x) = 1 and
x+1∫
x
|ρk|q dω =
x+ 1
2∫
x
|ρk|q dω +
x+1∫
x+ 1
2
|ρk|q dω =
∫
∆˜(x− 14)
|ρk|q dω +
∫
∆˜(x+ 1
4
)
|ρk|q dω.
Corollary 1.2. Let v(x) = (1 + x2)
s
, ω(x) = (1 + x2)
β
, s, β > 0. Then the
operator
Ly =
l∑
k=0
(
1 + x2
)αk y(k), −∞ < αk <∞,
is bounded from W np,v to Lq,ω, if and only if
αk +
β
q
6 s
np
(
n− k − 1
p
+
1
q
)
(k = 0, 1, . . . , l). (1.31)
Here if ρk(x) = (1 + x
2)
αk the statements of Theorem 1.3 with respect to
the l.f. h(x) = v∗(x) ∼ (1 + x2)− snp are equivalent to the following conditions:
sup
x>0
(
1 + x2
)− s
np(n−k− 1p+ 1q )+αk+βq <∞ (k = 0, 1, . . . , l).
Such conditions are verified, if and only if relation (1.31) holds.
Definition 1.4 (see [1]). Let E, F be the spaces of functions f : Ω → R
(R = (−∞,∞), Ω ⊂ R) with norms ‖ · ‖E and ‖ · ‖F , respectively. A function
µ : Ω→ R is called a (pointwise) multiplier, acting in a pair (E,F ), if following
conditions hold:
1) µf ∈ F for all f ∈ E,
2) there exists a constant c > 0 such that
‖µf‖F 6 c ‖f‖E for all f ∈ E.
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We denote by M(E → F ) the class of all multipliers µ in a pair (E,F ).
If µ ∈ M(E → F ), then the operator of multiplication by µ is bounded
from E to F. We set
‖µ; E → F‖ def= ‖T ; E → F‖ , T y = µy, ∀y ∈ E.
Below Al(I) is the class of all functions y in I having absolutely continuous
derivatives up to order l − 1 in I¯ .
Theorem 1.4. Let n > l > 1 be integers, 1 < p 6 q < ∞. Let v ∈ Πn,p(δ, τ)
with respect to the l.f. h(·) in I. Let µ ∈ Al(I). If
Mk,µ,ω0 = sup
x>0
h(x)n−k−
1
p

x+h(x)∫
x
∣∣µ(l−k)(t)∣∣q dω0(t)

1
q
<∞ (k = 0, 1, . . . , l),
M0,µ,ω1 = sup
x>0
h(x)n−
1
p

x+h(x)∫
x
|µ(t)|q dω1(t)

1
q
<∞,
then µ ∈M(W np,v → W lq,ω0,ω1). Moreover,∥∥µ; M(W np,v → W lq,ω0,ω1)∥∥ 6 c
[
l∑
k=0
Mk,µ,ω0 +M0,µ,ω1
]
.
Proof. We have
‖µy;W lq,ω0,ω1‖q =
∫ ∞
0
(|(µy)(l)|qω0 + |µy|qω1) dt.
Since (µy)(l)(t) = Ly, ρk =
l!
k!(l−k)!µ
(l−k), it follows that∫ ∞
0
|(µy)(l)|qω0(t) dt =
∫ ∞
0
|Ly|qω0(t) dt = ‖Ly;Lq,ω0‖q
and ∫ ∞
0
|µy|qω1(t) dt 6 c
∑
j
h
(n−1/p)q
j
(∫
∆j
|µ|qω1
)
‖y;W np,v‖q 6
6
sup
x
h(x)n−1/p
(∫
∆j
|µ|qω1
)1/qq ‖y;W np,v‖q.
Thus, the proof of Theorem 1.4 follows the lines of the proof of Theorem
1.1.
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Theorem 1.5. Let 1 < p 6 q < ∞. Let n > l > 1 be integers. If µ ∈
M(W np,v → W lq,ω0,ω1), then∥∥µ; M(W np,v → W lq,ω0,ω1)∥∥ > c
[
l∑
k=0
M∗k,µ,ω0 +M
∗
0,µ,ω1
]
,
where
M∗k,µ,ω0 = sup
x>0
v∗(x)n−k−
1
p

x+3v∗(x)/4∫
x+v∗(x)/4
∣∣µ(l−k)(t)∣∣q dω0(t)

1
q
<∞,
M∗0,µ,ω1 = sup
x>0
v∗(x)n−
1
p

x+3v∗(x)/4∫
x+v∗(x)/4
|µ(t)|q dω1(t)

1
q
<∞.
Proof. By µ ∈M(W np,v → W lq,ω0,ω1) it follows that
‖µ;M(W np,v → W lq,ω0,ω1)‖ >
‖(µy)(l);Lq,ω0‖
‖y;W np,v‖
+
‖µy;Lq,ω1‖
‖y;W np,v‖
.
Then
‖µ;M(W np,v → W lq,ω0,ω1)‖ > sup
06=y∈Wnp,v
‖(µy)(l);Lq,ω0‖
‖y;W np,v‖
= ‖L;W np,v → Lq,ω0‖,
where Ly =
l∑
k=0
ρky
(k), ρk = ckµ
(l−k). By Theorem 1.3, we obtain
‖µ;M(W np,v → W lq,ω0,ω1)‖ > c0
l∑
k=0
sup
x>0
M∗k,µ,ω0
Next, we take a function y0(t) defined as in Theorem 1.2. Then
‖µ;M(W np,v → W lq,ω0,ω1)‖ >
(
x+3v∗(x)/4∫
x+v∗(x)/4
|µ|q dω1
)1/q
(
x+v∗(x)∫
x
|y(n)0 |p dt
)1/p
+
(
x+v∗(x)∫
x
|y0|pv(t) dt
)1/p >
>
(
x+3v∗(x)/4∫
x+v∗(x)/4
|µ|q dω1
)1/q
(
h1−np
1∫
0
|η(n)|p dξ
)1/p
+
(
x+v∗(x)∫
x
|y0|pv(t) dt
)1/p > c1M∗0,µ,ω1 .
Thus, the proof of Theorem 1.5 is complete.
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Corollary 1.3. Let n > l > 1, 1 < p 6 q < ∞. Let µ ∈ C l[0,∞). Then
µ ∈M(W np → W lq,ω0,ω1), if and only if
Uk = sup
x>1
x+1∫
x
|µ(l−k)|q dω1 <∞ (k = 0, 1, . . . , l),
V = sup
x>1
x+1∫
x
|µ|q dω0 <∞.
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Chapter 2
Spaces of multipliers
M(W lp,ρ,v → Wmq,ω0,ω1)
The aim of the chapter is to obtain descriptions of multipliers on the pair of
weighted Sobolev spaces (W lp,ρ,v,W
m
q,ω0,ω1
).
Let X, Y be Banach spaces of functions y : Ω→ R. We say that a function
z : Ω → R is a (pointwise) multiplier on the pair (X, Y ), if the multiplication
operator
Ty = zy, y ∈ X,
is bounded from X to Y. We denote by M(X → Y ) the space of all multipliers
for the pair (X, Y ). We introduce the norm by
‖z; M(X → Y )‖ = ‖T ; X → Y ‖
for z ∈M(X → Y ) (see [1]).
2.1 Weighted spaces Wmp,ω0,ω1
Let Ω be a domain (an open connected set) in the n-dimensional Euclidian
space Rn with the norm
|x| =
(
n∑
i=1
x2i
) 1
2
.
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We denote by Lp (Ω) , 1 6 p < ∞, the space of all equivalence classes of
real valued measurable functions f : Ω→ R with the norm
‖f‖Lp(Ω) = ‖f ; Lp(Ω)‖ =
(∫
Ω
|f (x)|p dx
) 1
p
<∞.
Below Lp,v(Ω) is the space of all real valued functions with the finite
weighted Lebesgue norm in Ω
‖u‖Lp,v(Ω) =
∫
Ω
|u|pv(x) dx
 1p (1 6 p <∞).
Note that Lp(Ω) = Lp,v(Ω), if v = 1.
We denote by Lp,loc(Ω) the space of functions f defined a.e. in Ω such
that f ∈ Lp(F ) for any compact F ⊂ Ω. Here L+p,loc(Ω) is the space of all a.e.
positive functions of Lp,loc(Ω). In particular, Lloc(Ω) = L1,loc(Ω), L
+
loc(Ω) =
L+1,loc(Ω). A function v of L
+
loc(Ω) is called weight in Ω.
By Cm(Ω), C∞(Ω), C∞0 (Ω) we denote the space of all real valued functions
y, having continuous derivatives up to order m in Ω, the space of all infinitely
differentiable functions in Ω and the space of functions of C∞(Ω) with compact
support suppf in Ω, respectively. When the domain is not indicated in the
notation of a space or a norm then it is assumed to be Rn.
Let 1 6 p <∞. Let m be an integer. By definition
Lmp (Ω) = {f ∈ Lloc(Ω) : Dαf ∈ Lp(Ω) for all α, |α| = m}.
Here Dαf = ∂
α1+···+αn
∂x
α1
1 ...∂x
αn
n
f is a notation of a regular generalized derivative,
α = (α1, . . . , αn) is a multi-index, 0 < |α| =
n∑
i=1
αi 6 m. In the space
Lmp (Ω) is introduced the seminorm
‖f‖Lmp (Ω) =
(∫
Ω
|∇mf |p
)1/p
,
where |∇mf | =
( ∑
|α|=m
|Dαf |2
)1/2
.
Let 1 6 p < ∞. Let ω0, ω1 ∈ L+loc. Let m be an integer. Let us denote by
Wmp,ω0,ω1 the completion of the set C
∞
0 in the norm
‖u‖Wmp,ω0,ω1 = ‖u;W
m
p,ω0,ω1
‖ = ‖ω1/p0 u‖Lmp + ‖ω1/p1 u‖Lp <∞. (2.1)
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Here Wmp,ω = W
m
p,ω0,ω1
with ω0 = 1, ω1 = ω, W
m
p = W
m
p,ω0,ω1
with ω0 = ω1 = 1.
Henceforth, let χe be the characteristic function of a subset e in Rn, e is the
closure of e. We denote by Br(x) the ball in Rn with radius r > 0, i.e.,
Br(x) = B(x, r) = {y ∈ Rn : |y − x| < r}.
By In we denote the family of all cubes Q in the following form
Q = Qh = Qh(x) = {y ∈ Rn : |yi − xi| < h
2
, i = 1, . . . , n}.
We set λQ = Qλh(x). By c we denote constants depending only on the assigned
numerical parameters, for example, c = c(l, p, n), etc.
In Chapters 2 and 3 we use the following forms of notation. For mappings
f : X → R, g : X → R, the notation
f(x) g(x) (f  g)
means that there exists a constant c > 0 such that
f(x) 6 c g(x) for a.a. x ∈ X.
The notation
f(x) ∼ g(x) (f ∼ g)
means that
f(x) g(x) f(x) (f  g  f)
For values A > 0, B > 0, the notation
A ∼ B
means that there exist constants 0 < c1 < c2 such that
c1 6 A/B 6 c2.
By Wmp,loc we denote the space (see [1])
{u : ηu ∈ Wmp for all η ∈ C∞0 }.
By Llocq,ω we denote the space
{u : u ∈ Lq,ω(G) for all bounded G, G¯ ⊂ Ω}.
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2.2 Spaces Wmp (Ω). Embedding inequalities
Here we give some well known embedding inequalities ([1], [32]).
Let Ω be a bounded domain in Rn. By definition Wmp (Ω) is the completion
of the linear manifold ([33])
C∞Wmp (Ω) = {u ∈ C∞(Ω) : ‖u;Wmp (Ω)‖ = ‖∇mu;Lp(Ω)‖+‖u;Lp(Ω)‖ <∞}.
Let k,m be integers, 0 6 k < m, 1 6 p 6 q <∞. The following inequality is
true under the condition q 6 np
n−p(m−k) , if p(m−k) < n; p > 1, if p(m−k) = n,
‖∇ku‖Lq(Q1) 6 c ‖u‖Wmp (Q1), u ∈ Wmp (Q1). (2.2)
If p > 1, p(m− k) > n or p = 1, m− k > n, then
Wmp (Q1) ↪→ Ck(Q1),
i.e., u ∈ Wmp (Q1) has, up to equivalence, continuous derivatives Dαu of order
|α| = k, and
sup
Q1
|∇ku| 6 c ‖u‖Wmp (Q1). (2.3)
Inequality (2.3) implies that
‖u‖Wkq (Q1) ≤ c ‖u‖Wmp (Q1) (1 ≤ p, q <∞) (2.4)
for p(m− k) > n (p(m− k) > n, for p > 1).
Proposition 2.1 (see [22], [32]). Let 1 6 p <∞. Then there exist a bounded
linear operator
S : Wmp (Q1)→ Wmp (Rn) (2.5)
such that
Sf(x) = f(x) for a.a. x,
Sf ∈ C∞(Rn) ∩Wmp (Rn), if f ∈ C∞(Q1) ∩Wmp (Q1).
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LetQh = Qh(x). By changing variables y = x+hξ, ξ ∈ Q1(0) in inequalities
(2.2)-(2.4), we have the following estimates:
Let 1 < p <∞, 1 6 q <∞, q 6 np/(n−p(m−k)) for p(m−k) < n. Then
‖∇ku‖Lq(Qh) 6 c hm−k−n/p+n/q
(‖∇mu‖Lp(Qh) + h−m‖u‖Lp(Qh)) . (2.6)
Let 1 6 q <∞, q 6 n/(n− (m− k)) for m− k < n. Then
‖∇ku‖Lq(Qh) 6 c hm−k−n+n/q(‖∇mu‖L1(Qh) + h−m‖u‖L1(Qh)). (2.7)
Let 1 6 p <∞. Then
m∑
k=0
hk−m‖∇ku‖Lp(Qh) 6 c(‖∇mu‖Lp(Qh) + h−m‖u‖Lp(Qh)). (2.8)
Let p > 1, p(m− k) > n or p = 1, m− k > n, |α| = k. Then
sup
Qh
|Dαu| ≤ c hm−k−n/p (‖∇mu‖Lp(Qh) + h−m‖u‖Lp(Qh)) . (2.9)
Proposition 2.2. Let 1 6 p <∞, ψ ∈ C∞0 (Qh) such that
max
Qh
|Dαψ| 6 c h−|α|, |α| 6 l,
and let u ∈ Wmp (Qh). Then
‖Dα(ψu)‖Lp(Qh) 6 c
(‖∇mu‖Lp(Qh) + h−m‖u‖Lp(Qh)) . (2.10)
Inequality (2.10) is a simple consequence of (2.8).
From Propositions 2.1 and 2.2 it follows
Proposition 2.3. Let 1 6 p < ∞, ζ > 1, u ∈ C∞(Qh). There exist an
extension U of function u of C∞0 (ζ Qh), such that
‖∇mU‖Lp 6 c
(‖∇mu‖Lp(Qh) + h−m‖u‖Lp(Qh)) . (2.11)
Above embedding inequalities are derived from Theorem A.
Theorem A [Sobolev generalized theorem] [33]. Let 1 < p < ∞. Let Ω
be a bounded domain in Rn satisfying the cone condition. Let 0 6 k < l be
integers. The following statements hold:
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(a) Let µ be a measure in Ω and
Cµ = sup
x∈Rn,r>0
r−sµ(Ω ∩B(x; r)) <∞ (s > 0).
Then for all u ∈ C∞Wmp (Ω)
k∑
j=0
(∫
Ω
|∇ju|q dµ
)1/q
6 cCµ‖u;Wmp (Ω)‖,
where 0 < n− p(m− k) < s 6 n; 1 6 q 6 sp
n−p(m−k) .
(b) Let 1 < p, p(m− k) > n. Then for all u ∈ C∞Wmp (Ω)
k∑
j=0
sup
x∈Ω
|∇ju(x)| 6 c ‖u;Wmp (Ω)‖.
Theorem B [1]. The exact constant in the inequality
‖∇ku‖Lq(µ) 6 c ‖∇mu‖Lp , u ∈ C∞0 ,
is equivalent to the value
K = sup
x,ρ
ρm−k−n/p [µ(B(x, ρ))]1/q
for k < m, p(m− k) < n, 1 6 p < q <∞ and for m− k = n, p = 1 6 q 6∞.
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2.3 Covering theorems
Theorem C [34]. Let A be a bounded set in Rn. Let Q(x) be a given closed
cubic interval centered at x for every x ∈ A. Then there exists a sequence {Qk}
of cubes of (Q(x))x∈A such that
1. {Qk} covers the set A, i.e. A ⊂
⋃
Qk;
2. there exists a natural number κ1 = κ1(n) depending only on n such that
each z ∈ Rn is contained in up to κ1 cubes of the sequence {Qk}, i.e. for
every z ∈ Rn ∑
χQk(z) 6 κ1;
3. there exists a natural number κ2 = κ2(n) depending only on n such that
the sequence {Qk} can be divided into no more than κ2 disjoint families
of disjoint cubes.
The sequence {Qk} is called a finite-multiple and finite-separable covering.
Theorem D [23]. Let 0 < δ, γ < 1. Let h(·) be a positive function, defined
in Rn. Assume that h(·) is bounded on each compact F ⊂ Rn, and
h(y) > δh(x), if y ∈ Q(x) = Qh(x)(x).
Then the family of cubes {(1 − γ)Q(x), x ∈ F} has a finite or countable
subfamily {(1− γ)Qj, j ∈ J}, Qj = Q(xj) such that:
1. F ⊂ ⋃
j∈J
(1− γ)Qj;
2.
∑
j∈J
χ
(1−γ)Qj(x) 6 κ1 for any x ∈ Rn;
3.
∑
j∈J
χQj(x) 6 κ˜1 for any x ∈ Rn;
4. the family {(1− γ)Qj, j ∈ J} splits into no more than κ2 subfamilies of
disjoint cubes;
5. the family {Qj, j ∈ J} splits into no more than κ˜2 subfamilies of disjoint
cubes,
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where κ1, κ2, κ˜1, κ˜2 depend only on n, δ, γ.
Remark 2.1. Coverings {Qj, j ∈ J}, {(1− γ)Qj, j ∈ J}, considered in a pair,
will be called Besicovitch double coverings and will be denoted by {Qˆj, Qj}j∈J ,
Qˆj = (1− γ)Qj.
Theorem E [23]. Let h(·) be a positive function satisfying the conditions of
Theorem D. Let {Qˆj, Qj}j∈J be a Besicovitch double covering of the compact
F ⊂ Rn. Then there exist a family of functions Ψ = {ψj}j∈J of C∞0 (Rn) such
that
1. suppψj ⊂ Qj;
2. 0 6 ψj 6 1, ψj = 1 in Qˆj;
3.
∑
j∈J
ψj = 1;
4. max
Qj
|Dαψj| 6 c(hj)−|α| for |α| 6 l, where c depends only on α, n, δ, γ.
Remark 2.2. The following equality is true
Dαu(x) = Dα
(
u(x)
∑
j∈J
ψj(x)
)
=
∑
j∈J
Dα (uψj) (x)
for all x ∈ F = suppu, u ∈ C∞0 .
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2.4 On local inequalities in spaces W lp,ρ,v
Let h(·) be a positive locally bounded function in Rn. B denotes the family
(basis) of cubes Q(x) = Qh(x)(x), x ∈ Rn \ e, where e is a set with measure 0.
We use the following notation
B = {Q(x)} or B = {Q(x) = Qh(x)}.
Definition 2.1. Let ρ ∈ L+loc. A weight ρ satisfies the slow variation condition
with respect to the basis B = {Q(x)}, if there exist b > 1 such that for a.a. x
b−1ρ(x) < ρ(y) < b ρ(x), for a.a. y ∈ Q(x). (2.12)
Let ρ satisfy the slow variation condition (2.12). We denote by Wmp (ρ
µ, ρν)
the space Wmp,ω0,ω1 with ω0 = (ρ
µ)p, ω1 = (ρ
ν)p.
Examples.
Example 1. Let −∞ < µ <∞, ρ(x) = (1 + |x|)µ, h(x) = (1 + |x|)−s, s > 0. It
is easily seen that
|y − x| <
√
nh(x)
2
for all y ∈ Q(x) = Qh(x)(x). (2.13)
Thus,
1 + |y|
1 + |x| 6
1 + |x|+ |y − x|
1 + |x| 6 1 +
√
n
2
for all y ∈ Q(x). (2.14)
If |x| 6 √n, then
1 + |y|
1 + |x| >
1
1 +
√
n
for y ∈ Q(x). (2.15)
If |x| > √n, y ∈ Q(x), then implies that (2.13)
|x− y| <
√
n
2
<
|x|
2
, |y| > 2−1|x|,
and we have
1 + |y|
1 + |x| >
1
2
, y ∈ Q(x). (2.16)
Inequalities (2.14)-(2.16) imply that
b−1 6
(
ρ(y)
ρ(x)
)µ
6 b, if y ∈ Q(x),
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where b = (1 +
√
n)|µ|.
Example 2. Let Γ be a compact set in Rn, which has no interior points. We
set |x − y|∞ = max
16j6n
|xj − yj| (x, y ∈ Rn). Let us show that the function
ρ(x) = inf
y∈Γ
|x − y|∞ satisfies the slow variation condition with respect to the
basis {(1 − τ)Qρ(x)(x)}, 0 < τ < 1. Since ρ is a continuous function, then
ρ(x) = min
y∈Γ
|x − y|∞ = 0 for x ∈ Γ. Since n dimensional Lebesgue measure
mesn(Γ) = 0, then ρ ∈ L+loc. Let h = ρ(x) > 0, 0 < ε < 1. Let us prove that
Γ
⋂
εQ(x) = ∅. If y ∈ Γ⋂ εQ(x) 6= ∅, then
0 < ρ(x) 6 |x− y|∞ + inf
z∈Γ
|y − z|∞ = |x− y|∞ < ερ(x)/2,
which is impossible. Thus, Q(x) =
⋃
0<ε<1
εQ(x) ⊂ Rn \Γ. Let y ∈ (1− τ)Q(x).
Then |z−x|∞ > ρ(x) for z ∈ Γ, and |y−x|∞ = max
16j6n
|yj−xj| 6 (1− τ)ρ(x)/2,
which imply that |z − y|∞ > ||z − x|∞ − |x − y|∞| > ρ(x)/2. Hence, ρ(y) =
inf
z∈Γ
|z − y| > ρ(x)/2. Since |z − y|∞ 6 |z − x|∞ + |x− y|∞, then ρ(y) 6 2ρ(x)
for y ∈ (1− τ)Q(x). By taking τ = 1/2, we get
1
2
ρ(x) 6 ρ(y) 6 2ρ(x), if y ∈ 1
2
Q(x).
Example 3. Let v ∈ L+loc, 1 < p <∞. Let l > 1 be an integer. Then
0 < v∗(x) def= sup
h > 0: hlp−n
∫
Qh(x)
v(y) dy 6 1
 (2.17)
for a.a. x ∈ Rn (for all x ∈ Rn, if lp > n). The function v∗ has the following
useful properties:
1) From the absolute continuity property of the measure dv = v dx it follows
that
v∗(x)lp−n
∫
Q∗(x)
v(y) dy = 1 (2.18)
for all Q∗(x) = Qh(x) with h(x) = v∗(x) <∞.
2) Let lp > n. Then 0 < v∗(x) < ∞ for all x ∈ Rn. If y ∈ (1 − τ)Q∗(x),
0 < τ < 1, then
τv∗(x) 6 v∗(y) 6 v∗(x) (2.19)
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or
τv∗(y) 6 v∗(x) < v∗(y) (2.20)
for a.a. x and a.a. y.
Proof. Let h = v∗(x). The cube Qτh(y) ⊂ Q∗(x) for all y ∈ (1−τ)Q∗(x). Thus,
(τh)lp−n
∫
Qτh(y)
v 6 hlp−n
∫
Q∗(x)
v = 1,
which implies that τv∗(x) 6 v∗(y). If v∗(x) > v∗(y), then (2.19) holds. If
v∗(x) < v∗(y) for y ∈ (1 − τ)Q∗(x), then x ∈ (1 − τ)Q∗(y). As it was proved
above
τv∗(y) 6 v∗(x)
for x ∈ (1− τ)Q∗(y). Then (2.19), (2.20) imply that
τv∗(x) 6 v∗(y) < τ−1v∗(x), if y ∈ (1− τ)Q∗(x). (2.21)
Hence the function ρ(x) = v∗(x)µ (−∞ < µ <∞) satisfies the slow variation
condition with respect to the basis B∗v,(τ) = {(1− τ)Qv∗(x)}.
Definition 2.2. A weight v ∈ L+loc satisfies the condition (A(δ,β)), 0 < δ, β < 1,
with respect to the basis B = {Q(x)}, if∫
e
v 6 β
∫
Q
v (2.22)
for all Q ⊂ Q(x) and e ⊂ Q with measure |e| 6 δ|Q|.
Definition 2.2 is a local analogue of the following definition.
Definition 2.3 ([22]). A weight v ∈ L+loc satisfies the condition (A∞) with
respect to the basis In, if for any δ, 0 < δ < 1, there exists τ, 0 < τ < 1, such
that ∫
e
v 6 τ
∫
Q
v (2.23)
for all Q ⊂ In and e ⊂ Q with measure |e| 6 δ|Q|.
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Let 0 < δ < 1, Q ∈ In. Let us introduce the notation
Nδ(Q) = {e ⊂ Q : |e| 6 δ|Q|}.
Lemma 2.1. [23] Let 1 < p <∞, v ∈ L+loc. Assume that
M(δ)(x, h|v) = hlp−n inf
e∈Nδ(Q)
∫
Q\e
v > 1, Q = Qh(x).
Then the following inequality is true
h−lp
∫
Q
|u|p 6 c
(∫
Q
|∇lu|p +
∫
Q
|u|pv
)
for all u ∈ C∞(Q).
Lemma 2.2. Let 1 < p <∞, pl > n. Let v ∈ L+loc satisfy the condition (A(δ,τ))
with respect to the basis
B∗v = {Q∗(x)}, Q∗(x) = Qv∗(x)(x).
Then∫
Q∗(x)
(|∇lu|p + |u|pv(y)) dy ∼
∫
Q∗(x)
(|∇lu|p + |u|pv∗(x)−lp) dy. (2.24)
Proof. Let h = v∗(x), Q∗ = Q∗(x). Then condition (2.22) and the equality
(2.18) imply that
hlp−n inf
e∈Nδ(Q∗)
∫
Q∗\e
v > 1− τ.
So we can apply to the function (1−τ)−1v Lemma 2.1 and deduce the estimate
v∗(x)−lp
∫
Q∗
|u|p 
∫
Q∗
(|∇lu|p + v(y)|u|p) dy. (2.25)
On the other hand, inequality (2.9) implies that∫
Q∗
|u|pv(y) dy 6 sup
Q∗
|u|p
∫
Q∗
v 
 hlp−n
∫
Q∗
v ·
∫
Q∗
(|∇lu|p + v∗(x)−lp|u|p) dy = (2.26)
=
∫
Q∗
(|∇lu|p + v∗(x)−lp|u|p) dy.
Then (2.25), (2.4) imply the equivalence relation (2.24).
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Lemma 2.3. Let 1 < p <∞, lp > n. Let v ∈ L+loc satisfy the condition (A(δ,τ))
with respect to B∗v . Then
W lp,v = W
l
p(1, v
∗−l).
Proof. Let u ∈ C∞0 , suppu = F. Let {Qj, j ∈ J} be a Besicovitch covering,
extracted from the family {τQ∗(x), x ∈ F}, 0 < τ < 1. Then Lemma 2.2
implies that
‖u;W lp,v‖p ∼
∑
j∈J
∫
Qj
(|∇lu|p + v(y)|u|p) dy ∼
∼
∑
j∈J
∫
Qj
(|∇lu|p + v∗(y)−lp|u|p) dy ∼ ‖u;W lp(1, v∗−l)‖p.
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2.5 The spaces M(W lp(ρ
µ, ρν)→ Lq,ω)
Lemma 2.4. Let u ∈ W lp,loc, 1 < p < ∞, lp > n, 0 6 µ, ν < ∞. Let
B = {Q(x)} be a basis of cubes defined by the function h(·). Let ρ(·) satisfy
the slow variation condition with respect to the basis B and
ρ(x)µ  ρ(x)νh(x)l for a.a. x. (2.27)
Then∫
Q(x)
(|∇lu|p + h(x)−lp|u|p) dy  ρ(x)−µp ∫
Q(x)
(|ρµ∇lu|p + |ρνu|p) dy.
Proof. By virtue of the slow variation condition of the function ρ and (2.27),
it follows that ∫
Q(x)
(|∇lu|p + h(x)−lp|u|p) dy =
=
∫
Q(x)
(
|∇lu|p
(
ρ(y)
ρ(y)
)µp
+ h(x)−lp|u|p
(
ρ(y)
ρ(y)
)νp)
dy 
 ρ(x)−µp
∫
Q(x)
(|ρµ∇lu|p + |ρνu|p) dy.
We will apply the method of local estimates on cubes Q(x) ∈ B, the
essence of which is as following. Let f, g be finite functions, g ∈ Lq, f ∈ Lp
(1 6 p, q < ∞) with supp g = supp f = E. There exists a positive function
S(x), x ∈ E, such that∫
Q(x)
|g|q  (S(x))q
(∫
Q(x)
|f |p
)q/p
a.e. in E. (2.28)
Let {Qj, j ∈ J} be a finite-multiple and finite-separable Besicovitch cov-
ering extracted from the family of cubes {Q(x), x ∈ E}, Qj = Q(xj) (see
Theorem C). Since the set of indices J (⊂ N) can be represented as a disjoint
union J =
⋃
16i6κ2
Ji, where Q
j of Ji is pairwise disjoint, then by using (2.28),
we obtain∫
|g|q =
∫
E
|g|q 6 κ2 max
16i6κ2
∑
j∈Ji
∫
Qj
|g|q 6 κ2 max
16i6κ2
∑
j∈Ji
(S(xj))q
(∫
Qj
|f |p
)q/p
.
(2.29)
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Next, we use well known inequalities for sums (aj, bj > 0 r > 1) :
∑
j
arj 6
(∑
j
aj
)r
(r > 1); (2.30)
∑
j
ajbj 6
(∑
j
arj
)1/r(∑
j
br
′
j
)1/r′
,
1
r
+
1
r′
= 1 (r > 1). (2.31)
Then (2.29)-(2.31) imply that∫
|g|q 6 κ2
(
ess sup
x∈E
S(x)
)q (∫
|f |p
)q/p
(1 6 p 6 q <∞), (2.32)
∫
|g|q 6 κ2
(
max
16i6κ2
∑
j∈Ji
S(xj)pq/(p−q)
)(p−q)/p(∫
|f |p
)q/p
(1 6 q < p <∞).
(2.33)
Lemma 2.5. Let 1 < p < ∞, 1 6 q < ∞, γ ∈ Llocq,ω. Let ρ(·) satisfy the slow
variation condition with respect to the basis of cubes B = {Q(x)}. Let
ρ(x)µ  ρ(x)νh(x)l.
Then ∫
Q(x)
|γu|qω(y) dy  (Cρ(x))q
(∫
Q(x)
(|ρµ∇lu|p + |ρνu|p) dy
)q/p
,
for all u ∈ C∞0 , where
Cρ(x) = h(x)
l−n/pρ(x)−µ
(∫
Q(x)
|γ|qω
)1/q
.
Proof. Let suppu = E. By using the embedding inequality (2.9) and (2.27)
for each cube Q(x), we have∫
Q(x)
|γu|qω(y) dy 6 sup
Q(x)
|u|q
∫
Q(x)
|γ|qω(y) dy 

(
h(x)l−n/pρ(x)−µ
(∫
Q(x)
|γ|qω(y) dy
)1/q)q (∫
Q(x)
(|ρµ∇lu|+ |ρνu|)p dy
)q/p
.
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Theorem 2.1. Let 1 < p 6 q <∞, lp > n, γ ∈ Llocq,ω. Let
C = sup
x
(∫
Q1(x)
|γ|qω
)1/q
<∞.
Then γ ∈M(W lp → Lq,ω) and the norm of γ satisfies the following inequality
‖γ;M(W lp → Lq,ω)‖ 6 cC.
Proof. We need to prove that the following estimate holds
‖γu;Lq,ω‖ 6 cC‖u;W lp‖
for any function u ∈ C∞0 .
Let B be a basis of cubes {Q1(x)}, suppu = E. By using the embedding
inequality (2.3), we have∫
Q1(x)
|γu|qω 
∫
Q1(x)
|γ|qω ·
(∫
Q1(x)
(|∇lu|+ |u|)p dy
)q/p
for any cube Q1(x). By taking |g|q = |γu|qω, |f |p = (|∇lu| + |u|)p, (S(x))q =∫
Q1(x)
|γ|qω (2.28), and then by using the estimate (2.32), we conclude the
proof of the theorem.
Theorem 2.2. Let 1 < p 6 q < ∞, lp > n, γ ∈ Llocq,ω. Let ρ satisfy the slow
variation condition with respect to the basis B = {Q(x) = Qh(x)(x)}, where
h(x) = ρ(x)−ν/l, ν > 0. Assume that
C = ess sup
x
ρ(x)−ν(1−n/lp)
(∫
Q(x)
|γ|qω
)1/q
<∞.
Then γ ∈M(W lp(1, ρν)→ Lq,ω). Here the norm satisfies the following estimates
c ess sup
x
ρ(x)−ν(1−n/lp)
(∫
1
2
Q(x)
|γ|qω
)1/q
6 ‖γ;M(W lp(1, ρν)→ Lq,ω)‖ 6 cC.
Proof. For the upper estimate it is enough to show that the following estimate
holds
‖γu;Lq,ω‖ 6 c ess sup
x
ρ(x)−ν(1−n/lp)
(∫
Q(x)
|γ|qω
)1/q
‖u;W lp(1, ρν)‖
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for any function u ∈ C∞0 . Here suppu = E. By Lemma 2.5, we have∫
Q(x)
|γu|qω 
∫
Q(x)
|γ|qω · h(x)(l−n/p)q
(∫
Q(x)
(|∇lu|+ |ρνu|)p dy
)q/p
for each cube Q(x). Assume in (2.28) that |f |p = (|∇lu| + |ρνu|)p, (S(x))q =
ρ(x)−qν(1−n/lp)
(∫
Q(x)
|γ|qω
)
, |g|q = |γu|qω, and then by using the estimate
(2.32), we get the upper estimate of ‖γ;M(W lp(1, ρν)→ Lq,ω)‖.
We need to show that
‖γ;M(W lp(1, ρν)→ Lq,ω)‖  ess sup
x
ρ(x)−ν(1−n/lp)
(∫
1
2
Q(x)
|γ|qω
)1/q
.
We take the function η ∈ C∞0 (Q1), Q1 = Q1(0), 0 6 η 6 1, η = 1 in 12Q1.
Then for u0(y) = η (h(x)
−1(y − x)) , we have
‖γ;M(W lp(1, ρν)→ Lq,ω)‖ >
(∫
1
2
Q(x)
|γu0|qω
)1/q
(∫
Q(x)
(|∇lu0|p + |ρνu0|p) dy
)1/p 

(∫
1
2
Q(x)
|γ|qω
)1/q
h(x)−l+n/p
(∫
Q1
|∇lη|p dy + h(x)lp−n
∫
Q(x)
|ρν |p dy
)1/p 
 ρ(x)−ν(1−n/lp)
(∫
1
2
Q(x)
|γ|qω
)1/q
.
Then such a relation implies the validity of the lower estimate for the norm.
Theorem 2.3. Let 1 < p 6 q < ∞, lp > n, γ ∈ Llocq,ω. Let ρ satisfy the slow
variation condition with respect to the basis B = {Q(x) = Qh(x)(x)}, where
h(x) = ρ(x)µ/l, µ > 0. Assume that
C = ess sup
x
ρ(x)−µn/lp
(∫
Q(x)
|γ|qω
)1/q
<∞.
Then γ ∈ M(W lp(ρµ, 1) → Lq,ω). Here the norm satisfies the following esti-
mates
c ess sup
x
ρ(x)−µn/lp
(∫
1
2
Q(x)
|γ|qω
)1/q
6 ‖γ;M(W lp(ρµ, 1)→ Lq,ω)‖ 6 cC.
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Proof. Let u ∈ C∞0 , suppu = E. By Lemma 2.5, we have∫
Q(x)
|γu|qω 
∫
Q(x)
|γ|qω · h(x)(l−n/p)qρ(x)−µq
(∫
Q(x)
(|ρµ∇lu|+ |u|)p dy
)q/p
for each cubeQ(x). By taking |f |p = (|ρµ∇lu|+|u|)p, (S(x))q = ρ(x)−µnq/lp
∫
Q(x)
|γ|qω,
|g|q = |γu|qω in (2.28), and by using (2.32), we get the upper estimate of
‖γ;M(W lp(ρµ, 1)→ Lq,ω)‖.
Next step is to show that
‖γ;M(W lp(ρµ, 1)→ Lq,ω)‖  ess sup
x
ρ(x)−µn/lp
(∫
1
2
Q(x)
|γ|qω
)1/q
.
We take the function η ∈ C∞0 (Q1), 0 6 η 6 1, η = 1 in 12Q1. Then
‖γ;M(W lp(ρµ, 1)→ Lq,ω)‖ >
(∫
1
2
Q(x)
|γu0|qω
)1/q
(∫
Q(x)
(|ρµ∇lu0|p + |u0|p) dy
)1/p 
 ρ(x)−nµ/lp
(∫
1
2
Q(x)
|γ|qω
)1/q
for u0(y) = η (h(x)
−1(y − x)) .
Let Γ be a compact manifold in Rn with dimension 6 n − 1. Let α be a
measure on Γ, α(Γ) <∞. Let Lq,α(Γ) be the space of all continuous functions
in Γ with the norm
‖u;Lq,α(Γ)‖ =
(∫
Γ
|u|q dα
)1/q
<∞.
Theorem 2.4. Let 1 < p 6 q < ∞, lp > n. Let γ ∈ C(Rn). Let ρ satisfy
the slow variation condition with respect to the basis B = {Q(x) = Qh(x)(x)},
where h(x) = ρ(x)µ/l, µ > 0. If
C = ess sup
x
ρ(x)−µn/lp
(∫
Q(x)
⋂
Γ
|γ|q dα
)1/q
<∞,
then γ ∈M(W lp(ρµ, 1)→ Lq,α(Γ)). The norm satisfies the following inequality
‖γ;M(W lp(ρµ, 1)→ Lq,α(Γ))‖ 6 cC.
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Proof. Let α˜ be a measure in Rn, defined by α˜(e) = α(e ∩ Γ). Let u ∈ C∞0 . In
each Q(x), we have∫
Q(x)
⋂
Γ
|γu|q dα =
∫
Q(x)
|γu|q dα˜ sup
Q¯(x)
|u|q
∫
Q(x)
⋂
Γ
|γ|q dα.
Next we follow the lines of the proof of Theorem 2.3.
Let σ(x) = inf
y∈Γ
|y − x|∞. The function σ(x) satisfies the slow variation
condition with respect to the basis B = {Q(x) = Qh(x)(x), x ∈ E}, where
E = Rn \ Γ, h(x) = 2−1σ(x). Let
ρ˜(x) =
σ(x), if 0 < σ(x) 6 1;1, if σ(x) > 1.
The function ρ˜ satisfies the slow variation condition with respect to the basis
B˜ = {Q˜(x) = Qh˜(x)(x), x ∈ E}, h˜(x) = ρ˜(x) :
2−1ρ˜(x) 6 ρ˜(y) 6 2ρ˜(x), if y ∈ E ∩ Q˜(x). (2.34)
Let us prove (2.34). We have
2−1σ(x) 6 σ(y) 6 2σ(x), if y ∈ Q(x). (2.35)
Let y ∈ E ∩ Q˜(x) ⊂ E ∩Q(x), x ∈ E. Then
1. 0 < σ(x), σ(y) 6 1⇒ ρ˜(x) = σ(x), ρ˜(y) = σ(y)⇒ (2.34);
2. 0 < σ(x) 6 1, σ(y) > 1⇒ ρ˜(x) = σ(x) > 2−1σ(y) > 2−1 ⇒
2−1ρ˜(x) = 2−1σ(x) < 1 = ρ˜(y) = 21
2
6 2ρ˜(x)⇒ (2.34);
3. 0 < σ(y) 6 1 < σ(x)⇒ ρ˜(x) = 1,
2−1ρ˜(x) = 2−1 < 2−1σ(x) < σ(y) = ρ˜(y) 6 1 = ρ˜(x)⇒ (2.34);
4. 1 < σ(x), σ(y)⇒ ρ˜(x) = ρ˜(y) = 1⇒ (2.34).
Corollary 2.1. Let 1 < p 6 q <∞, lp > n. Let γ ∈ C(Rn) and
C = ess sup
x
ρ˜(x)−n/p
(∫
Q˜(x)
⋂
Γ
|γ|q dα
)1/q
<∞.
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Then γ ∈ M(W lp(ρ˜l, 1) → Lq,α(Γ)). Here the norm satisfies the following in-
equality
‖γ;M(W lp(ρ˜l, 1)→ Lq,α(Γ))‖ 6 cC.
Below we consider the manifold Γ satisfying the condition: there exist
T > 0, 0 < β < n such that
sup
x∈Rn
|{y : |y − x| < R, dist(y,Γ) < ε}| 6 T εβRn−β (2.36)
for all ε > 0, R > 0.
Example. If Γ = {x ∈ Rn : xm+1, . . . , xn = 0}, 1 6 m < n, then the set
Eε,R(x) = {y : |y − x| < R, dist(y,Γ) < ε}
is contained in the parallelepiped
P = {y : |yi − xi| < 2R, 1 6 i 6 m, |yi| < ε, m+ 1 6 i 6 n},
whence it follows that
|Eε,R(x)| 6 4nεn−mRm.
Let αβ = Hn−β be (n−β)-dimensional Hausdorff measure (see [24]). Then
the following estimate takes place
αβ(Q ∩ Γ) = Hn−β(Q ∩ Γ) 6 c T |Q|1−β/n, Q ∈ In
(see [23], §1.10).
Corollary 2.2. Let 0 < m < l be integers, 1 < p 6 q < ∞. Let lp > n,
mq > n, 0 < β < n. Let Γ satisfy the condition (2.36), αβ(Γ) < ∞. Assume
that γ ∈ Wmq and
C = sup
x
ρ˜(x)m−n/p−β/q
(∫
Q˜(x)
(|∇mγ|q + |ρ˜−mγ|q) dy)1/q <∞.
Then γ ∈M(W lp(ρ˜l, 1)→ Lq,αβ(Γ)).
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Theorem 2.5. Let 1 < p 6 q < ∞, lp > n, γ ∈ Llocq,ω. Let v satisfy the
condition (A(δ,τ)) with respect to the basis B
∗
v = {Q∗(x) = Qv∗(x)(x)}. Let
there exist a constant c > 0, such that(∫
1
2
Q∗(x)
|γ|qω
)1/q
6 c
(∫
Q∗(x)
v
)1/p
for a.a. x.
Then γ ∈M(W lp,v → Lq,ω). Here the norm satisfies the following relation
‖γ;M(W lp,v → Lq,ω)‖ ∼ C∗ = ess sup
x
1(∫
Q∗(x) v
)1/p
(∫
1
2
Q∗(x)
|γ|qω
)1/q
<∞.
Proof. By Lemma 2.3 it follows that W lp,v = W
l
p(1, v
∗−l). In (2.21), we can see
that v∗ satisfies the slow variation condition with respect to the basis B∗
v,( 1
2
)
.
We use also (2.18). By Theorem 2.2 the function γ belongs to the space
M(W lp(1, ρ
ν)→ Lq,ω) = M(W lp,v → Lq,ω) for ρν =
(
1
2
v∗
)−l
, if
∞ > ess sup
x
v∗(x)l(1−n/lp)
(∫
1
2
Q∗(x)
|γ|qω
)1/q
=
= ess sup
x
1(∫
Q∗(x) v
)1/p
(∫
1
2
Q∗(x)
|γ|qω
)1/q
= C∗.
Thus,
‖γ;M(W lp,v → Lq,ω)‖  C∗.
Let us show that
‖γ;M(W lp,v → Lq,ω)‖  C∗.
We take the function η ∈ C∞0 (Q1), 0 6 η 6 1, η = 1 in 12Q1. Then for
u0(y) = η (v
∗(x)−1(y − x)) , we have
‖γ;M(W lp,v → Lq,ω)‖ >
(∫
1
2
Q∗(x) |γu0|qω
)1/q
(∫
Q∗(x) (|∇lu0|p + |u0|pv(y)) dy
)1/p 

(∫
1
2
Q∗(x) |γ|qω
)1/q
v∗(x)(n/p−l)
=
(∫
1
2
Q∗(x) |γ|qω
)1/q
(∫
Q∗(x) v
)1/p .
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Corollary 2.3. Let 1 < p 6 q < ∞, lp > n, γ ∈ Llocq,ω. Let v satisfy the
condition (A∞) in In. Let
C = sup
Q∈In
(∫
1
2
Q
|γ|qω
)1/q
(∫
Q
v
)1/p <∞.
Then γ ∈M(W lp,v → Lq,ω) and the norm satisfies the following enequalities
c1 C
∗ 6 ‖γ;M(W lp,v → Lq,ω)‖ 6 c2 C.
Theorem 2.6. Let 1 < p 6 q <∞, lp > n, γ ∈ Llocq,ω. Let ν > sl > 0, and
C = ess sup
x
∫
B1(x)
|γ|qω(y)
(1 + |y|)s(l−n/p) dy <∞.
Then γ ∈M(W lp(1, (1 + |x|)ν/p)→ Lq,ω). Here the norm satisfies the following
inequality
‖γ;M(W lp(1, (1 + |x|)ν)→ Lq,ω)‖ 6 cC1/q.
Proof. We set ρ(x) = (1 + |x|)ν , h(x) = 2√
n
(1 + |x|)−s. The weight ρ satisfies
the slow variation condition with respect to the basis B = {Q(x) = Qh(x)(x)}.
Thus, ρ(x)−ph(x)−lp  (1 + |x|)(sl−ν)p, and
h(x)l−n/p
(∫
Q(x)
|γ|qω
)1/q


∫
Q(x)
|γ|qω(y)
(1 + |y|)s(l−n/p) dy 
∫
B1(x)
|γ|qω(y)
(1 + |y|)s(l−n/p) dy.
Next, the proof of the theorem follows the line of the proof of Theorem 2.2.
Corollary 2.4. Let 1 < p 6 q <∞, lp > n, γ ∈ Llocq,ω. Let ν > 0 and
C = ess sup
x
∫
B1(x)
|γ|qω(y) dy <∞.
Then γ ∈M(W lp(1, (1 + |x|)ν)→ Lq,ω). In addition,
‖γ;M(W lp(1, (1 + |x|)ν)→ Lq,ω)‖ 6 cC1/q.
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2.6 The spaces M(W lp(ρ
µ, ρν)→ Wmq,ω0,ω1)
Let 0 < m < l be integers, 1 < p 6 q <∞, lp > n. Then we have
‖γ;M(W lp → Wmq )‖ ∼ sup
x∈Rn
‖γ;Wmq (B1(x))‖ (2.37)
(see [1]).
Lemma 2.6. Let 1 < p <∞, 1 6 q <∞, −∞ < µ, ν <∞. Let 0 < m < l be
integers. Let γ ∈ Wmq , γ(y) = 0, if y /∈ Qh(x). Assume, that weighted functions
ρ, ωi (i = 0, 1) in Rn satisfy the following conditions:
1. there exist 0 < c0 < 1 < c1 such that
0 < c0 ρ(x) 6 ρ(y) 6 c1 ρ(x) for a.a. y ∈ Qh(x);
2. ω0(y) 6 c2ω0(x) for a.a. y ∈ Qh(x);
3. ω1(y) 6 c3ω0(x)h−mq for a.a. y ∈ Qh(x);
4. ρµ−ν(y) 6 c4hl for a.a. y ∈ Qh(x).
Then the following inequality holds
ρµq(x)
∫
Qh(x)
(|∇m(γu)|qω0(y) + |uγ|qω1(y)) dy 
 ω0(x)h(l−m−n/p+n/q)q‖γ˜;M(W lp → Wmq )‖q
(∫
Qh(x)
(|ρµ∇lu|p + |ρνu|p) dy
)q/p
for all u ∈ C∞0 and γ˜(ξ) = γ(x+ hξ) (ξ ∈ Rn).
Proof. Let us do the following calculations:∫
Qh(x)
(|∇m(γu)|qω0(y) + |uγ|qω1(y)) dy  (2.38)
 ω0(x)h−mq+n
∫
Q1(0)
(|∇m(u˜γ˜)|q + |u˜γ˜|q) dξ.
Let U ∈ C∞0 be the extension of u˜ from Q1 = Q1(0) to the cube 32Q1 such
that (see Proposition 2.1): suppU ⊂ 3
2
Q1 and
‖U ;W lp‖ 6 c5‖u˜;W lp(Q1)‖. (2.39)
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Inequality (2.39) implies that∫
Q1
(|∇m(u˜γ˜)|q + |u˜γ˜|q)dξ 6
∫
(|∇m(Uγ˜)|q + |Uγ˜|q)dξ  (2.40)
 ‖γ˜;M(W lp → Wmq )‖q‖u˜;W lp(Q1)‖q/p.
Next, by using conditions 2)-4), we obtain
‖u˜;W lp(Q1)‖q/p  (2.41)
 h(l−n/p)q
(∫
Qh(x)
ρ(x)−µp|ρµ∇lu|p dy + h−lp
∫
Qh(x)
ρ(x)−νp|ρνu|p dy
)q/p

 ρ(x)−µqh(l−n/p)q
(∫
Qh(x)
|ρµ∇lu|p dy +
∫
Qh(x)
|ρνu|p dy
)q/p
From (2.38) and (2.40), (2.41) it follows the statement of the lemma.
Lemma 2.7. Let 1 < p < ∞, 1 6 q < ∞, lp > n. Let 0 < m < l be integers.
Let γ ∈ Wmq , γ(y) = 0, if y /∈ Qh(x), γ˜(ξ) = γ(x+ hξ) (ξ ∈ Rn). Then
‖γ˜;M(W lp → Wmq )‖  hm−n/q
(∫
Qh(x)
(|∇mγ|q + h−mq|γ|q) dy)1/q .
Proof. By (2.37), we have
‖γ˜;M(W lp → Wmq )‖  sup
x
‖γ˜;Wmq (B1(x))‖ 
 sup
x
(∫
Q1(0)
⋂
B1(x)
(|∇mγ˜|q + |γ˜|q) dξ
)1/q

 hm−n/q
(∫
Qh(x)
(|∇mγ|q + h−mq|γ|q) dy)1/q .
We set (0 < τ 6 1)
K(τ)(x) = ω(x)
1/qρ(x)−µ
{
ρ(x)s(l−n/p)
(∫
τQ(x)
|∇mγ|q
)1/q
+
+ρ(x)s(l−m−n/p)
(∫
τQ(x)
|γ|q
)1/q}
.
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Theorem 2.7. Let 1 < p 6 q < ∞, lp > n, −∞ < µ, s < ∞. Let 0 < m < l
be integers. Let γ ∈ Wmq,loc. Let ρ, ω satisfy the slow variation condition with
respect to the basis B = {Q(x) = Qh(x)(x)}, where h(x) = ρ(x)s. Assume that
K = ess sup
x
K(1)(x) <∞,
then γ ∈ M(W lp(ρµ, ρµ−sl) → Wmq,ω,ωρ−smq). The norm satisfies the following
estimates
c0 ess sup
x
K( 12)
(x) = c0K0 6 ‖γ;M(W lp(ρµ, ρµ−sl)→ Wmq,ω,ωρ−smq)‖ 6 c1K.
Proof. Let u ∈ C∞0 , F = suppu. From the fact that ρ satisfies the slow varia-
tion condition it follows that there exists c, 0 < c < 1, such that ρ(y) > c ρ(x)
for a.a x. Thus, we can extract a Besicovitch double covering {(Qj, Qˆj), j ∈ J}
from the family {Q(x), x ∈ F} (Qj = Q(xj), Qˆj = 1
2
Qj) (see Theorem D). In
Lemma 2.6, we set ω0 = ω, ω1 = ωρ
−smq. We have∫
(|∇m(γu)|qω0 + |γu|qω1) dy =
∫
F
(|∇m(γu)|qω0 + |γu|qω1) dy. (2.42)
By Theorem E γ can be introduced in the form γ =
∑
j
γψj. We denote by
γj = γψj. Let us consider each summand on the right hand side of (2.42)
separately.∫
F
|∇m(γu)|qω0(y) dy =
∫
F
∑
|α=m|
|Dα(γu)|2
q/2 ω0(y) dy 

∫
F
∑
|α=m|
∣∣∣∣∣∑
j∈J
Dα(γju)(y)
∣∣∣∣∣
q ω0(y) dy 
 κ˜q1κ˜2 max
16i6κ˜2
∑
k∈Ji
∫
Qk
∑
j∈J
|∇m(γju)|qω0(y) dy  (2.43)
 κ˜q1κ˜2 max
16i6κ˜2
∑
j∈J
∑
k∈Ji
∫
Qk
⋂
Qj
|∇m(γju)|qω0(y) dy 
 κ˜q1κ˜2
∑
j∈J
∫
Qj
|∇m(γju)|qω0(y) dy.
In the same way we show that∫
F
|γu|qω1(y) dy  κ˜q1κ˜2
∑
j∈J
∫
Qj
|γju|qω1(y) dy. (2.44)
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Then (2.43), (2.44) imply that∫
F
(|∇m(γu)|qω0 + |γu|qω1) dy  (2.45)
 κ˜q1κ˜2
∑
j∈J
∫
Qj
(|∇m(γju)|qω0(y) + |γju|qω1(y)) dy.
By Lemmas 2.6 and 2.7, we have∫
Qj
(|∇m(γju)|qω0 + |γju|qω1) dy 
 ω(x)ρ(x)−µq+sq(l−n/p)
(∫
Qj
|∇mγj|q + ρ(xj)−smq
∫
Qj
|γj|q
)
× (2.46)
×
[∫
Qj
(|ρµ∇lu|p + |ρνu|p)
]q/p
,
where ν = µ− sl. Let hj = h(xj). We have for each y ∈ Qj
|∇mγj(y)| 6
∑
|α|=m
|Dα(γψj(y))| =
=
∑
|α|=m
∣∣∣∣∣ ∑
06k6α
(
α
k
)
Dkγ(y)Dα−kψj(y)
∣∣∣∣∣
m∑
k=0
hk−mj |∇kγ(y)|.
From the above estimate and (2.8) it follows that∫
Qj
|∇mγj|q dy 
m∑
k=0
h
q(k−m)
j
∫
Qj
|∇kγ|q dy  (2.47)

∫
Qj
(|∇mγ|q + h−mqj |γ|q) dy = ∫
Qj
(|∇mγ|q + ρ(xj)−smq|γ|q) dy.
Then (2.47) implies that∫
Qj
(|∇m(γju)|qω0 + |γju|qω1) dy 
 ω(x)ρ(x)−µq+sq(l−n/p)
(∫
Qj
|∇mγ|q + ρ(xj)−smq
∫
Qj
|γ|q
)
× (2.48)
×
[∫
Qj
(|ρµ∇lu|p + |ρνu|p)
]q/p
.
We return to the estimate (2.45). Relation (2.48) implies that∫
F
(|∇m(γu)|qω0 + |γu|qω1) dy 
 ess sup
x
ω(x)
ρ(x)µq
[
ρs(l−n/p)(x)
(∫
Q(x)
|∇mγ|q
)1/q
+ ρs(l−m−n/p)(x)
(∫
Q(x)
|γ|q
)1/q]q
×
×
[∫
F
(|ρµ∇lu|p + |ρνu|p) dy
]q/p
.
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Hence the upper estimate of ‖γ;M(W lp(ρµ, ρµ−sl)→ Wmq,ω,ωρ−smq)‖ follows.
We take η ∈ C∞0 (Q1), 0 6 η 6 1, η = 1 in 12Q1. Let u0(y) = η (h−1(y − x)) .
Then
‖γ;M(W lp(ρµ, ρµ−sl)→ Wmq,ω,ωρ−smq)‖ >
∫
1
2
Q(x)
(|∇m(γu0)|qω0 + |γu0|qω1) dy[∫
Q(x)
(|ρµ∇lu0|p + |ρµ−slu0|p) dy
]1/p 

ω(x)1/q
[(∫
1
2
Q(x)
|∇mγ|q
)1/q
+ ρ−smq(x)
(∫
1
2
Q(x)
|γ|q
)1/q]
ρµ(x)ρ−s(l−n/p)
[∫
Q1
(|∇lη|p + |η|p) dξ
]1/p .
Hence the lower estimate of ‖γ;M(W lp(ρµ, ρµ−sl)→ Wmq,ω,ωρ−smq)‖ follows.
We set (0 < τ 6 1)
Kρ,(τ)(x) = ρ
s(l−n/p)(x)
(∫
τQ(x)
|∇mγ|q
)1/q
+ ρs(l−m−n/p)(x)
(∫
τQ(x)
|γ|q
)1/q
.
Theorem 2.8. Let 1 < p 6 q < ∞, lp > n, −∞ < µ, s < ∞. Let 0 < m < l
be integers. Let γ ∈ Wmq,loc. Let ρ satisfy the slow variation condition in the
basis B = {Q(x) = Qh(x)(x)}, where h(x) = ρ(x)s. If
Kρ = ess sup
x
Kρ,(1)(x) <∞,
then γ ∈ M(W lp(ρµ, ρµ−sl) → Wmq (ρµ, ρµ−sm)). Here the norm satisfies the
following inequalities
c0Kρ,( 12)
6 ‖γ;M(W lp(ρµ, ρµ−sl)→ Wmq (ρµ, ρµ−sm))‖ 6 c1Kρ,
where c0Kρ,( 12)
= ess sup
x
Kρ,( 12)
(x).
The statement of Theorem 2.8 is a simple consequence of Theorem 2.7. We
formulate it as theorem because here we have the scale of spacesM(W lp(ρ
µ, ρµ−sl)→
Wmq (ρ
µ, ρµ−sm)) with parameters µ and s.
Remark 2.3. We can set ρ(x) = 1. In this case, Theorem 2.8 leads to the
well-known description of the space M(W lp → Wmq ) (see [1]).
72 Spaces of multipliers M(W lp,ρ,v →Wmq,ω0,ω1)
Corollary 2.5. Let 1 < p 6 q < ∞, lp > n, 0 < µ < ∞. Let 0 < m < l be
integers. Let γ ∈ Wmq,loc. If
K = sup
x
{∫
Q1(x)
(|∇mγ|q + |γ|q) dy
}1/q
<∞,
then
γ ∈M(W lp((1 + |x|)µ, (1 + |x|)µ)→ Wmq ((1 + |x|)µ, (1 + |x|)µ)).
Here the norm satisfies the following relation
‖γ;M(W lp((1 + |x|)µ, (1 + |x|)µ)→ Wmq ((1 + |x|)µ, (1 + |x|)µ))‖ ∼ K.
Corollary 2.6. Let 1 < p 6 q <∞, lp > n. Let 0 < m < l be integers, µ > 0,
s > 0. Let γ ∈ Wmq,loc. Let B = {Q(x) = Qh(x)(x)}, where h(x) = (1 + |x|)−s. If
K = sup
Q(x)∈B
(1 + |x|)−s(l−n/p)
(∫
1
2
Q(x)
|∇mγ|q
)1/q
+
+(1 + |x|)−s(l−m−n/p)
(∫
1
2
Q(x)
|γ|q
)1/q <∞,
then
γ ∈M(W lp((1 + |x|)µ, (1 + |x|)µ−sl)→ Wmq ((1 + |x|)µ, (1 + |x|)µ−sm)).
Here the norm satisfies the following relation
‖γ;M(W lp((1 + |x|)µ, (1 + |x|)µ−sl)→ Wmq ((1 + |x|)µ, (1 + |x|)µ−sm))‖ ∼ K.
Theorem 2.9. Let 1 < p 6 q < ∞, lp > n. Let 0 < m < l be integers. Let
γ ∈ Wmq,loc. Let v ∈ L+loc satisfy the condition (A(δ,τ)) with respect to the basis
B∗
v,( 1
2
)
. If
K∗v = sup
x
v∗l−n/p(x)
(∫
1
4
Q∗(x)
|∇mγ|q
)1/q
+
+v∗l−m−n/p(x)
(∫
1
4
Q∗(x)
|γ|q
)1/q <∞,
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then
γ ∈M(W lp,v → Wmq (1, v∗−m)).
Here the norm satisfies the following relation
‖γ ∈M(W lp,v → Wmq (1, v∗−m))‖ ∼ K∗v .
Proof. Since v satisfies the condition (A(δ,τ)) with respect to the basis W
l
p,v =
W lp
(
1,
(
1
2
v∗
)−l)
= W lp(ρ
µ, ρµ−sl) for µ = 0, s = 1, ρ = 1
2
v∗. Moreover, v∗
satisfies the slow variation condition in the basis B∗
v,( 1
2
)
, then the statement of
Theorem 2.9 follows from Theorem 2.8.
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2.7 The spaces M(W lp,v → Wmq,ω0,ω1)
Definition 2.4. A basis B = {Q(x) = Qh(x)(x)} is called regular, if the
function h(·) satisfies the slow variation condition: there exists b > 1 such that
b−1 h(x) 6 h(y) 6 b h(x) for a.a. y ∈ Q(x). (2.49)
We denote by Nδ(Q) the set of measurable subset e ⊂ Q with measure
|e| 6 δ|Q|, 0 < δ < 1.
Definition 2.5. Let 1 < p < ∞. Let l > 1 be an integer. Let v ∈ L+loc. We
say that a function v satisfies the condition (pip,l,(δ)) (0 < δ < 1) in the basis
B = {Q(x) = Qh(x)(x)}, if
h(x)lp−n inf
e∈Nδ(Q(x))
∫
Q(x)\e
v  1 for a.a. x ∈ Rn. (2.50)
Let us give some examples.
Example 1. The function v(x) = (1 + |x|)µ, µ > 0, satisfies the condition
(pip,l,(δ)) in the basis B = {Q(x) = Qh(x)(x)}, h(x) = (1 + |x|)−µ/lp.
Example 2. Let v satisfy the condition (A∞) with respect to the basis In and∫
Q1(x)
v  1 for a.a. x. Then v satisfies the condition (pip,l,(δ)) in the basis
B = {Q1(x)}.
Example 3. Let 1 < p < ∞, pl > n. Let v satisfy the condition (A(δ,β)) with
respect to the basis B∗v . Then c v satisfies the condition (pip,l,(δ)) in the regular
basis B∗v,(τ) = {τQ∗(x) = τQh(x)(x)} (0 < τ 6 12), where h(x) = v∗(x).
Let us prove that v satisfies the condition (pip,l,(δ)) in the regular basis
B∗v,(τ). Let Q
∗ = Q∗(x), e∗ = Q∗ \ τQ∗, e ∈ Nδ(τQ∗), h = τv∗(x). By the
condition (A(δ,β)) we have∫
e
v 6 β
∫
τQ∗
v,
∫
e∗
v 6 β
∫
τQ∗
v ((1 + δ)τn = 1).
Then
τ lp−n = hlp−n
∫
Q∗
v 6
(
1 + β
1− β
)
hlp−n
∫
τQ∗\e
v.
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Hence, it follows that
hlp−n inf
e∈Nδ(τQ∗)
∫
τQ∗\e
v  1.
Example 4. Let 0 < δ < 1. We set
v∗(δ)(x) = sup
{
h > 0: hlp−n inf
e∈Nδ(Qh(x))
∫
Qh(x)\e
v 6 1
}
.
We say that a function v is admissible, if there exists δ, 0 < δ < 1, such
that 0 < v∗(δ)(x) < ∞ for a.a. x. For the admissible function v, the following
equality is valid
v∗(δ)(x)
lp−n inf
e∈Nδ(Q∗)
∫
Q∗\e
v = 1
on the cubes Q∗ = Q∗δ(x) = Qh(x), 0 < h = v
∗
(δ)(x) < ∞ (see [23]). Thus,
any admissible weight v ∈ L+loc satisfies the condition (pip,l,(δ)) in the basis
B = {Q∗δ(x)}.
Let there be given the basis B = {Q(x)}. We set
InB =
⋃
Q(y)∈B
{Q ∈ In, Q ⊂ Q(y)}.
We denote by MBf(x) (f ∈ Lloc) a maximal operator defined by
MBf(x) = sup
Q∈InB,x∈Q
1
|Q|
∫
Q
|f |.
Theorem 2.10. Let 0 < m < l be integers. Let 1 < p 6 q < ∞, lp > n,
mq > n. Let γ ∈ Wmq,loc. Let weighted functions v, ωi (i = 0, 1) satisfy the
following conditions:
1. v satisfies the condition (pip,l,(δ)) in the regular basis B = {Q(x) =
Qh(x)(x)};
2. MBω0 satisfies the slow variation condition with respect to the basis B;
3.
∫
Q(x)
ω1  h(x)−mq
∫
Q(x)
ω0.
Assume that
K = ess sup
x
{
h(x)l−n/p
(∫
Q(x)
|∇mγ|qMBω0
)1/q
+
+h(x)l−m−n/p
(∫
Q(x)
|γ|qMBω0
)1/q}
<∞,
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then γ ∈M(W lp,v → Wmq,ω0,ω1). Here the norm satisfies the following inequality
‖γ;M(W lp,v → Wmq,ω0,ω1)‖ 6 cK.
Proof. Let u ∈ C∞0 , F = suppu. Let {ψj} be a partition of unity corresponding
to the double covering {Qj; 1
2
Qj}, Qj = Q(xj), γj = γψj (j ∈ J) (see Theorem
E). By using estimates obtained at the beginning of the proof of Theorem 2.7,
we show that ∫
F
(|∇m(γu)|qω0 + |γu|qω1) dy 

∑
j
∫
Qj
(|∇m(γju)|qω0(y) + |γju|qω1(y)) dy.
So it suffices to prove local estimates of the form∫
Qj
(|∇m(γju)|qω0(y) + |γju|qω1(y)) dy 
 S(xj)q
(∫
Qj
(|∇lu|p + |u|qv(y)) dy
)q/p
,
where
S(xj) = h(xj)l−n/p
(∫
Qj
|∇mγ|qMBω0(y)
)1/q
+
+h(xj)l−m−n/p
(∫
Qj
|γ|qMBω0
)1/q
.
By condition 2) of the theorem it follows that
ω0(y) = lim
h→0
h−n
∫
Qh(y)
ω0 6 sup
Qh(y)⊂Q(y)
h−n
∫
Qh(y)
ω0 6
6 sup
Q∈InB,y∈Q
h−n
∫
Qh(y)
ω0 = MBω0(y)MBω0(x)
for a.a. y ∈ Q(x). Thus,∫
Qj
|∇m(γju)|qω0(y)dy MBω0(xj)
∫
Qj
|∇m(γju)|q dy. (2.51)
Since uγj ∈ Wmq (Q(xj)), mq > 0, then
sup
Qj
|γju|q  h(xj)mq−n
∫
Qj
(|∇m(γju)|q + h(xj)−mq|γju|q)dy. (2.52)
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By condition 3) of the theorem it follows that
h(x)mq−n
∫
Q(x)
ω1  1|Q(x)|
∫
Q(x)
ω0 6MBω0(x). (2.53)
Relations (2.52) and (2.53) imply that∫
Qj
|γju|qω1(y)dy  h(xj)mq−n
∫
Qj
ω1(y) dy×
×
∫
Qj
(|∇m(γju)|q + h(xj)−mq|γju|q) dy  (2.54)
MBω0(xj)
∫
Qj
(|∇m(γju)|q + h(xj)−mq|γju|q) dy.
By Lemmas 2.6 and 2.7, we obtain∫
Qj
(|∇m(γju)|q + h(xj)−mq|γju|q) dy  (2.55)
 h(xj)(l−np )q
∫
Qj
(|∇mγ|q + h(xj)−mq|γ|q) dy [∫
Qj
(|∇lu|p + h(xj)−lp|u|p) dy]q/p .
By virtue of Lemma 2.1, we have∫
Qj
(|∇lu|p + h(xj)−lp|u|p) dy  ∫
Qj
(|∇lu|p + |u|pv(y)) dy. (2.56)
By applying successively estimates (2.51)-(2.56) and condition 2) of the theo-
rem, we have∫
Qj
(|∇m(γju)|qω0(y) + |γju|qω1(y)) dy  h(xj)(l−
n
p )q×
×
∫
Qj
(|∇mγ|q + h(xj)−mq|γ|q)MBω0(y) dy · ∫
Qj
(|∇lu|p + |u|pv(y)) dy.
Definition 2.6. We say that a function ω ∈ L+loc satisfies the condition (MA∞)
with respect to the basis B = {Q(x)}, if there exist δ, 0 < δ < 1, and R > 0
such that
sup
Q
M(ωχQ) 6 R sup
Q\e
M(ωχQ), as soon as e ⊂ Q, |e| 6 δ|Q|,
for all Q ⊂ Q(x), Q(x) ∈ B.
78 Spaces of multipliers M(W lp,ρ,v →Wmq,ω0,ω1)
For example, any weight satisfying the slow variation condition with respect
to the basis B = {Q(x)} satisfies the condition (MA∞).
Let us compare Theorem 2.10 with the following result obtained in [25].
Theorem ([25]). Let 0 < m < l be integers. Let 1 < p 6 q < ∞, lp > n.
Let γ ∈ C∞(Rn). Let v satisfy the condition (pip,l,(δ)), ωi (i = 0, 1) satisfy the
condition (MA∞) with respect to the basis B = {Q(x) = Qh(x)(x)}. If
C = ess sup
x
h(x)l−n/p
{∫
Q(x)
(|∇mγ|qMBω0 + |γ|qω1) dy
}1/q
+
+h(x)l−m−n/p
(∫
Q(x)
|γ|qMBω1
)1/q
<∞,
then γ ∈M(W lp,v → Wmq,ω0,ω1).
If we assume that in the theorem weights ωi (i = 0, 1) satisfy the condi-
tion 3) of Theorem 2.10, then C ∼ K. Indeed, let us look at the condition
(MA∞). Since, ω1 satisfies the condition (MA∞) with respect to the basis
B = {Qh(x)(x)}, then∫
Q(x)
|γ|qω1 6 sup
Q(x)
MBω1
∫
Q(x)
|γ|q 
 1|Q(x)|
∫
Q(x)
ω1
∫
Q(x)
|γ|q  h(x)−mq
(
1
|Q(x)|
∫
Q(x)
ω0
)∫
Q(x)
|γ|q 6
6 h(x)−mq
∫
Q(x)
|γ|qMBω0.
Corollary 2.7. Let 0 < m < l be integers, 1 < p 6 q < ∞, lp > n, mq > n.
Let γ ∈ Wmq,loc. Let v be admissible and ωi ∈ L+loc (i = 0, 1) satisfy the conditions
2), 3) of Theorem 2.10 with respect to h(x) = v∗(δ)(x). Assume that
K = ess sup
x
{
h(x)l−n/p
(∫
Q(x)
|∇mγ|qMBω0
)1/q
+
+h(x)l−m−n/p
(∫
Q(x)
|γ|qMBω0
)1/q}
<∞,
then γ ∈M(W lp,v → Wmq,ω0,ω1). Here the norm satisfies the following inequality
‖γ;M(W lp,v → Wmq,ω0,ω1)‖ 6 cK.
It is not difficult to see that v∗(x) 6 v∗(δ)(x) for a.a. x.
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Theorem 2.11. Let 0 < m < l be integers, 1 < p < ∞, 1 6 q < ∞, lp > n.
Let v, ω ∈ L+loc. Assume that γ ∈M(W lp,v → Wmq,ω,ωv∗−mq). Then
‖γ;M(W lp,v → Wmq,ω,ωv∗−mq)‖ > c ess sup
x
v∗(x)l−n/p
(∫
1
2
Q∗(x)
|∇mγ|qω(y) dy
)1/q
+
+v∗(x)l−m−n/p
(∫
1
2
Q∗(x)
|γ|qω(y) dy
)1/q .
Proof. Let η ∈ C∞0 be as in the proof of Theorem 2.7. Let us set u0(y) =
η((y − x)v∗(x)−1). Then
‖γ;M(W lp,v → Wmq,ω,ωv∗−mq)‖ >
>
{∫
1
2
Q∗(x) (|∇mγ|q + v∗(x)−mq|γ|q)ω(y) dy
}1/q
{
v∗(x)−lp+n
(∫
Q1
|∇lη|p dy + v∗(x)lp−n
∫
Q∗(x) v(y) dy
)}1/p 
 v∗(x)l−n/p
(∫
1
2
Q∗(x)
|∇mγ|qω
)1/q
+ v∗(x)l−m−n/p
(∫
1
2
Q∗(x)
|γ|qω
)1/q
.
Theorem 2.12. Let 0 < m < l be integers. Let 1 < p 6 q <∞, lp > n, mq >
n. Let v satisfy the condition (A∞) in the basis In. The following statements
hold:
1. Let ω ∈ L+loc, γ ∈ Wmq,loc. Let MBω satisfy the slow variation condition
with respect to the basis B = B∗v,(τ)
(
1
2
< τ < 1
)
. If
K∗(τ) = ess sup
x
{
v∗(x)l−n/p
(∫
τQ∗(x)
|∇mγ|qMBω(y) dy
)1/q
+
+v∗(x)l−m−n/p
(∫
τQ∗(x)
|γ|qMBω(y) dy
)1/q}
<∞,
then γ ∈ M(W lp,v → Wmq,ω,ωv∗−mq). Here the norm satisfies the following
inequality
‖γ;M(W lp,v → Wmq,ω,ωv∗−mq)‖ 6 c1K∗(τ).
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2. If γ ∈M(W lp,v → Wmq,ω,ωv∗−mq), then
‖γ;M(W lp,v → Wmq,ω,ωv∗−mq)‖ > c2K∗(1/2).
Proof. 1) Since (see Example 3, §2.5)
(1− τ)v∗(x) 6 v∗(y) 6 (1− τ)−1v∗(x), y ∈ τQ∗(x),
then the basis B∗v,(τ) is regular. It follows that v satisfies the condition (pip,l,(δ))
in the basis B∗v,(τ). Further,∫
τQ∗(x)
ω(y)v∗(y)−mq dy  v∗(x)−mq
∫
τQ∗(x)
ω(y) dy.
Thus, all conditions of Theorem 2.10 hold for v, ω0 = ω, ω1 = ωv
∗(x)−mq.
Then statement 1) holds.
2) Statement 2) follows from Theorem 2.11.
The proof of the theorem is complete.
Chapter 3
The spaces M(W lp,v → Wmp )
(1 < p < n/l). Applications in the
Theory of differential operators
The aim of this chapter is to obtain the description of the spaces M(W lp,v →
Wmp ) (1 < p < n/l) and boundedness conditions for the Schro¨dinger operator.
Boundedness problems and problems of norm evaluation of differential op-
erators acting in a pair of spaces of differentiable functions do not lose their
relevance in the theory of differential operators and in different applications. In
[1] it was shown that the boundedness problem of the operator P =
s∑
j=0
bj(x)∆
j
as an operator from W lp to W
m
p and the problem of norm evaluation are com-
pletely reduced to the consideration of variable coefficients bj(·) as pointwise
multipliers in corresponding pairs of spaces of differentiable functions. In this
Chapter we consider a model situation for the differential operator P in the
pair of Sobolev spaces with weights which are not necessarily regular.
The operator −∆ + q : W lp → W l−2p (l > 2, 1 < p < ∞) is bounded (see
81
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[1]), if the following conditions hold:
sup
{Q1}
(
‖∇mq‖Lp(Q1) + ‖q‖Lp(Q1)
)
<∞ if pl > n; (I)
sup
{e : d(e)61}
‖∇mq‖Lp(Q1)
|e|1−lp/n + sup{Q1}
‖q‖Lp(Q1) <∞ if pl < n. (II)
In (I), (II), {Q1} is the family of all cubes Q1 =
n∏
j=1
(aj, aj + 1), {e : d(e) 6 1}
is the family of all compact sets e ⊂ Rn with diameter d(e) 6 1. The results
formulated below imply that if the maximal function M(|∇mq|pχQ1) satisfies
certain regularity conditions in Q1, then the condition (I) is necessary and
sufficient for the boundedness of the operator −∆ + q : W lp → Wmp and even if
pl < n.
3.1 Preliminaries and notation
Let 1 < p < ∞. Let k, s be integers, 0 6 k < s. Then by the embedding
inequalities (2.6) (Chapter 2) it follows that
‖∇ku;Lp(Qh)‖ 6 c hs−k‖u;Wsp(Qh)‖,
where ‖u;Wsp(Qh)‖ = ‖∇su;Lp(Qh)‖+h−s‖u;Lp(Qh)‖ in contrast to ‖u;W sp (Qh)‖ =
‖∇su;Lp(Qh)‖+ ‖u;Lp(Qh)‖.
Here the function
Mf(x) = sup
Q3x
|Q|−1
∫
Q
|f |
is the Hardy-Littlewood maximal function (see [22]).
Let us consider the space of multipliers M(W lp → Wmp ) acting from one
Sobolev space to another. It is well known, that multipliers γ ∈M(W lp → Wmp )
satisfy the inequality
‖γ‖M(W l−jp →Wm−jp ) 6 c‖γ‖
m−j/m
M(W lp→Wmp )‖γ‖
j/m
M(W l−mp →Lp), 0 6 j 6 m, (3.1)
which follows from the interpolation property of Sobolev spaces ([1], [32]).
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Capacities. Here we formulate some properties of capacities capp,l(e) and
cap(e,W lp) of the compact set e ⊂ Rn defined by equalities:
capp,l(e) = inf{‖∇lu‖pLp : u ∈ C∞0 , u > 1 on e},
cap(e,W lp) = inf{‖u‖pW lp : u ∈ C
∞
0 , u > 1 on e}.
Proposition 3.1 ([1]). The capacities capp,l(e) and cap(e,W
l
p) are nondecreas-
ing functions of the set e.
Proposition 3.2 ([1]). If lp > n, then for all compact sets e 6= ∅ with diameter
d(e) 6 1 the relation cap(e,W lp) ∼ 1 holds.
Proposition 3.3 ([1]). If lp < n, 1 < p <∞, then
capp,l(e) > c(mesne)
n−lp
n .
Proposition 3.4 ([1]). If lp < n, then
capp,l(Br) = c r
n−lp, Br = B(x; r) = Br(x).
Theorem F [1]. Let m, l be integers, 0 < m < l, 1 < p < ∞. A function γ
belongs to the space M(W lp → Wmp ) if and only if γ ∈ Wmp,loc, ∇mγ ∈M(W lp →
Lp) and γ ∈M(W l−mp → Lp). The following relation holds:
‖γ‖M(W lp→Wmp ) ∼ ‖∇mγ‖M(W lp→Lp) + ‖γ‖M(W l−mp →Lp).
Theorem G [1].Let lp > n, 1 < p <∞. Then
‖γ‖M(W lp→Wmp ) ∼ sup
x∈Rn
‖γ‖Wmp (B1(x)).
Theorem H [1]. Let 1 < p < ∞, l = 1, 2, . . . and let µ be a measure in Rn.
The exact constant C in the inequality∫
|u|p dµ 6 C ‖u‖p
W lp
, u ∈ C∞0 ,
is equivalent to
sup
e
µ(e)
cap(e,W lp)
,
84The spacesM(W lp,v →Wmp ) (1 < p < n/l).Applications in the Theory of differential operators
where e is an arbitrary compact set with the positive capacity cap(e,W lp).
Lemma A [1]. The exact constants C0 and C in the inequalities∫
|∇mu|p dµ 6 C0 ‖∇lu‖pLp ,∫
|u|p dµ 6 C ‖∇l−mu‖pLp ,
where l > m, u ∈ C∞0 , are equivalent.
Lemma B [1]. The exact constants C0 and C in the inequalities∫
(|∇mu|p + |u|p) dµ 6 C0 ‖u‖pW lp ,∫
|u|p dµ 6 C ‖u‖p
W l−mp
,
where l > m, u ∈ C∞0 , are equivalent.
Proposition 3.5 ([1]). The following inequality holds:
‖γ‖M(Llp→Lmp ) >
> sup
x∈Rn, r>0
rl−n/p
(‖∇mγ;Br(x)‖Lp + r−m‖γ;Br(x)‖Lp) ,
if lp < n, 1 < p <∞.
Proposition 3.6 ([1]). The following inequalities hold:
‖γ‖M(W lp→Wmp ) 6
6 c
(
sup
{e : d(e)61}
‖∇mγ; e‖Lp
(mesne)1/p−l/n
+ sup
x∈Rn
‖γ‖Lp(B1(x))
)
for lp < n, p > 1, m < l.
Proposition 3.7 ([1]). Let lp > n, 1 < p <∞. Then
‖γ‖M(W lp→Wmp ) ∼ sup
x∈Rn
‖γ‖Wmp (B1(x)).
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3.2 The spaces M(W lp,v → Wmp )
(1 < p < n/l)
Let Φ be a non-negative nondecreasing function on (0,∞) such that Ψ(t) =
tΦ(1/t) does not increase, lim
t→∞
Ψ(t) = 0 and
∫ ∞
t
(Ψ(ξ))p
′−1dξ
ξ
6 b(Ψ(t))p′−1 for t > 0, p′ = p
p− 1 . (3.2)
Lemma C [33]. Let 1 < p < n/l, a > 0. Let F be a compact subset of Rn
with capp,l(F ) > 0. Then there exists a countable covering {Bj} of F by balls
Bj = B(x
j, rj), such that
∑
j
Φ(a capp,l(Bj)) 6 cΦ(cp−1a capp,l(F )). (3.3)
Lemma 3.1 ([35]). Let A(ξ) be a non-decreasing function on the interval (0, d]
satisfying conditions
A(d) <∞, (3.4)
lim
ξ→0
A(ξ) = 0, (3.5)
∫ t
0
(A(ξ))p
′ dξ
ξ
6 R(A(t))p′ , 0 < t 6 d, (3.6)
and assume that θ > 0, λ = 1 + (θ(p′ − 1)R)−1. Then the function
Φ(ξ) =
ξ(A(ξ
1/θ))p, if 0 < ξ < dθ;
dθ(A(d))p
(
ξ
dθ
)λ
, if ξ > dθ,
(3.7)
is non-decreasing on (0,∞), while Ψ(ξ) = ξΦ(1/ξ) is non-increasing on (0,∞),
lim
ξ→0
Ψ(ξ) = 0
and condition (3.2) holds.
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Let Q∗ = Qd(x0), 1 < p < ∞, s is an integer, 0 < s < n/p. Let ω ∈ L+loc.
We set
As(t|ω) = ts sup
Qt⊂Q∗
[
sup
Qt
M(ωχQt)
]1/p
(0 < t 6 d).
If
As(d|ω) = ds
[
sup
Q∗
M(ωχQ∗)
]1/p
<∞,
then the function As(·|ω) satisfies all conditions of Lemma 3.1 with R = 1sp′ .
Fulfillment of conditions (3.4), (3.5) are evident. We have∫ t
0
(As(h|ω))p′ dh
h
6 sup
Qt⊂Q∗
[
sup
Qt
M(ωχQt)
]p′/p
·
∫ t
0
hsp
′−1 dh = R(As(t|ω))p′
for 0 < t 6 d.
Theorem 3.1. Let 0 < m < l be integers, 1 < p < ∞, pl < n. Let γ ∈
Wmp,loc. Let v satisfy the condition (pip,l,(δ)) with respect to the regular basis
B = {Q(x)}, H = ess sup
x
|Q(x)| <∞. If
K˜m = ess sup
x
{
|Q(x)|(l−m)/n−1/p
(∫
Q(x)
|γ|p
)1/p
+
+|Q(x)|l/n sup
Q(x)
(
M(|∇mγ|pχQ(x))
)1/p}
<∞,
then γ ∈M(W lp,v → Wmp ). Here the norm satisfies the following inequality
‖γ;M(W lp,v → Wmp )‖ 6 c (1 +H l/n)K˜m.
Proof. Let u ∈ C∞0 , supp (u) = F. By definition
‖γ;M(W lp,v → Wmp )‖ = sup
0 6=u∈C∞0
‖γu;Wmp ‖
‖u;W lp,v‖
.
Here ‖γu;Wmp ‖ = ‖∇m(γu)‖p + ‖γu‖p. The Newton-Leibnitz formula implies
that
‖∇m(γu)‖p 6
∫ ∑
|α|=m
|Dα(γu)|
p1/p = (3.8)
=
∑
|α|=m
∥∥∥∥∥ ∑
06s6α
(
α
s
)
DsγDα−su
∥∥∥∥∥
p
6 c
m∑
s=0
‖|∇sγ||∇m−su|‖p.
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Here we set ‖u‖p = ‖u;Lp‖. By using estimates as in (2.43) (Chapter 2), we
obtain
‖|∇sγ||∇m−su|‖pp =
∫
F
(|∇sγ|(y)|∇m−su|(y))p dy 6
6 c∗sp
∑
|α|=s
∫
F
(∣∣∣∣∣∑
j∈J
Dαγj(y)
∣∣∣∣∣ |∇m−su|
)p
dy  (3.9)
 max
16i6κ˜2
∑
j∈Ji
∫
Qj
(|∇sγj||∇m−su|(y))p dy,
where γj = γψj, {ψj} is the partition of unity (see Theorem E) corresponding
to the double covering {1
2
Qj, Qj}, Qj = Q(xj), of the compact F. Let hj =
h(xj) (j ∈ J).
Let us consider separately the integral∫
Qj
(|∇sγj||∇m−su|(y))p dy.
Assume that γ˜j(ξ) = γ(x
j + hjξ), u˜(ξ) = u(x
j + hjξ), ξ ∈ Q1 = Q1(0). By
Proposition 2.1 (Chapter 2), we have∫
Qj
(|∇sγj||∇m−su|(y))p dy = hn−mpj
∫
Q1
(|∇sγ˜j||∇m−su˜|(ξ))p dξ =
= hn−mpj ‖u˜;W lp(Q1)‖p
∫
Q1
(|∇sγ˜j||∇m−su˜|(ξ))p dξ
‖u˜;W lp(Q1)‖p
= (3.10)
= h
(l−m)p
j ‖u;W lp(Qj)‖p
∫ |∇sγ˜j|p|∇m−s(Su˜)|p dξ
‖Su˜;W lp‖p
.
Next, assume that Su˜ = f˜ . By using twice Theorem F and (3.1), we obtain∫ |∇sγ˜j|p|∇m−s(Su˜)|p dξ
‖Su˜;W lp‖p
=
∫ |∇sγ˜j|p|∇m−sf˜ |p dξ
‖f˜ ;W lp‖p


∑
|β|=m−s
∫ |∇sγ˜j|p|Dβ f˜ |p dξ
‖Dβ f˜ ;W l−m+sp ‖p
· ‖D
β f˜ ;W l−m+sp ‖p
‖f˜ ;W lp‖p

 ‖∇sγ˜j;M(W l−m+sp → Lp)‖p  ‖γ˜j;M(W l−m+sp → W sp )‖p  (3.11)
 (‖γ˜j;M(W lp → Wmp )‖+ ‖γ˜j;M(W l−mp → Lp)‖)p 
 ‖∇mγ˜j;M(W lp → Lp)‖p + ‖γ˜j;M(W l−mp → Lp)‖p.
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Then (3.10) and (3.11) imply that∫
Qj
(|∇sγj||∇m−su|(y))p dy  (3.12)
 h(l−m)pj ‖u;W lp(Qj)‖p
(‖∇mγ˜j;M(W lp → Lp)‖p + ‖γ˜j;M(W l−mp → Lp)‖p) .
We set γ˜j(ξ) = γ(x
j + hjξ)ψj(x
j + hjξ), F = {x = xj + hjξ, ξ ∈ e}. Next, by
Theorem H, we have
‖γ˜j;M(W l−mp → Lp)‖p  sup
e
∫
e∩Q1 |γ˜j|p dξ
cap(e;W l−mp )
6 sup
e
∫
e∩Q1 |γ˜j|p dξ
capp,l−m(e)
= (3.13)
= h
−p(l−m)
j sup
F
∫
F∩Qj |γψj|p dy
capp,l−m(F )
6 h−p(l−m)j sup
F
∫
F∩Qj |γ|p dy
capp,l−m(F )
.
We have the estimate
|γ(x)| 6 c
[
1
|Qj|
∫
Qj
|γ(y)| dy +
∫
Qj
|∇mγ(y)|
|x− y|n−m dy
]
, (3.14)
which follows from the Sobolev integral representation for almost all x ∈ Qj
(see [37]). By virtue of (3.14) we obtain∫
Qh∩Qj
|γ(y)|p dy 6 c1
(
1
|Qj|
∫
Qj
|γ(y)| dy
)p
|Qh|+
+c1
∫
Qh∩Qj
(∫
Qj
|∇mγ(y)|
|x− y|n−m dy
)p
dx 6 (3.15)
6 c1
(
1
|Qj|
(∫
Qj
|γ|p dy
)1/p
|Qj|1− 1p
)p
|Qh|+ c1
∥∥∥∥∫
Qj
|∇mγ(y)|
|x− y|n−m dy
∥∥∥∥p
Lp(Qh∩Qj)
for any Qh ∈ In.
Let χ = χQj , z = x−y. We have the estimate |z| 6 |x−xj|+|xj−y| 6
√
nhj
for all y ∈ Qj, x ∈ Qh ∩ Qj. Let B = {z : |z| 6
√
nhj}. Then by using the
generalized Minkowski inequality, we obtain∥∥∥∥∫
Qj
|∇mγ(y)|χ(y)
|x− y|n−m dy
∥∥∥∥p
Lp(Qh∩Qj)
6
6
∥∥∥∥∫
B
|z|m−n|∇mγ(x− z)|χ(x− z) dz
∥∥∥∥p
Lp(Qh∩Qj)
6 (3.16)
6
[∫
B
|z|m−n
(∫
Qh∩(Qj+z)
|∇mγ(x− z)|p dx
)1/p
dz
]p
6
6 c2 hmpj
∫
(Qh−z)∩Qj
|∇mγ|p dy 6 c2 hmpj
[
hn sup
Qh⊂Qj
h−n
∫
Qh
|∇mγ|p dy
]
.
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We set T ′j = h
−n
j
∫
Qj
|γ|p, T ′′j = hmpj , Qj = Q∗. Then (3.15), (3.16) imply
that∫
Qh∩Qj
|γ|p 6 c3 hn−p(l−m)
[
T ′jh
p(l−m) + T ′′j h
p(l−m) sup
Qh⊂Qj
(
1
|Qh|
∫
Qh
|∇mγ|p
)]
6
6 c3 hn−p(l−m)
[
T ′jh
p(l−m) + T ′′j (Al−m(h|ωm))p
]
6 c3 hn−p(l−m)[A(h)]p, (3.17)
where
A(h) = T ′j
1/phl−m + T ′′j
1/pAl−m(h|ωm), (3.18)
ωm = |∇mγ|p.
Let us show that the function A(·) defined by the equality (3.18) satisfies
conditions of Lemma 3.1 on (0, hj]. We can see that A(·) ↑ . And
1. A(hj) = h
l−m−n/p
j
(∫
Qj
|γ|p
)1/p
+ hlj sup
Qj
(
M(|∇mγ|χQj)
)1/p 6 K˜m <∞;
2. lim
h→0
A(h) = T ′j
1/p lim
h→0
hl−m + T ′′j
1/p lim
h→0
Al−m(h|ωm) = 0;
3.
t∫
0
(A(h))p
′ dh
h
6 2p
′
p′(l−m)
[
T ′j
p′/ptp
′(l−m) + T ′′j
p′/pAl−m(t|ωm)p′
]
6 2p
′
p′(l−m)(A(t))
p′ .
We turn to the estimate (3.13). To estimate the quotient
∫
F∩Qj |γ|p/capp,l−m(F )
we apply Lemma C. In (3.3) we take the function Φ(·) defined by (3.7), where
A(·) is given by the equality (3.18).
Let us assume that hθ = acp−1capp,l−m(F ) (θ = n − p(l −m)). If h > hj,
then ∫
F∩Qj |γ|p
capp,l−m(F )
=
T ′jh
p(l−m)
j h
θ
j
capp,l−m(F )
 h
θ
jA(hj)
p
hθ
6 A(hj)p  K˜pm. (3.19)
Let h < hj. Let {Bk} be a covering of F with balls Bk = Bk(zk; rk) from
Lemma C. Let Bk ∩Qj 6= ∅. If 2rk > hj, then∫
Bk∩Qj
|γ|p 6
∫
Qj
|γ|p 6 c3hθj(A(hj))p
(
2rk
hj
)λθ
= (3.20)
= c3Φ
(
(2rk)
θ
)
= c3Φ(c4capp,l−m(Bk)),
where we take (by Proposition 3.4) capp,l−m(Bk) = c0r
n−p(l−m)
k , c0 = capp,l−m(B1(0)).
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If 2rk < hj, then Bk ∩Qj ⊂ Q2rk for some cube Q2rk ⊂ Qj. Since∫
Bk∩Qj
|γ|p 6
∫
Q2rk
|γ|p 6 c3(2rk)θ(A(2rk))p = (3.21)
= c3Φ
(
(2rk)
θ
)
= c3Φ(c4capp,l−m(Bk)).
Then (3.20), (3.21) and Lemma C imply that (acp−1 = c5)∫
F∩Qj
|γ|p 6
∑
{Bk}
∫
Bk∩Qj
|γ|p 6 c3
∑
{Bk}
Φ(c4capp,l−m(Bk)) (3.22)
 Φ(c5capp,l−m(F )) Φ(hθ) = hθ(A(h))p.
Inequality (3.22) implies that∫
F∩Qj |γ|p
capp,l−m(F )
= acp−1
∫
F∩Qj |γ|p
hθ
6 acp−1(A(hj))p  K˜pm. (3.23)
Thus, (3.19) and (3.23) imply that
h
p(l−m)
j ‖γ˜j;M(W l−mp → Lp)‖p  K˜pm. (3.24)
Let us proceed to the next required estimate. We have
h
p(l−m)
j ‖∇mγ˜j;M(W lp → Lp)‖p  sup
F
∫
F∩Qj |∇mγj|p
capp,l(F )
. (3.25)
Since (see Theorem E)
|∇mγj(y)|p 6
∑
|α|=m
∑
06β6α
|Dα−βψj(y)||Dβγ(y)|
p  m∑
k=0
h
p(k−m)
j |∇kγ(y)|p,
then
sup
F
∫
F∩Qj |∇mγj|p
capp,l(F )
6 sup
F
m∑
k=0
h
p(k−m)
j
∫
F∩Qj |∇kγ(y)|p
capp,l(F )
. (3.26)
We take g = Dβγ, |β| = k, s = m − k. Since g ∈ Wm−kp , then by the
Sobolev integral representation it follows that∫
Qh∩Qj
|g(x)|p 6 c hn−p(l−s)
[
T ′j,sh
p(l−s) + T ′′j,sh
p(l−s) sup
Qh⊂Qj
(
1
|Qh|
∫
Qh
|∇mγ|p
)]
,
where T ′′j,s = h
sp
j , T
′
j,s = h
−n
j
∫
Qj
|Dβγ|p. Thus,∫
Qh∩Qj
|∇kγ|p  hn−p(l−s)
[
T ′j,sh
p(l−s) + hspj h
p(l−s) sup
Qh⊂Qj
{
sup
Qh
M (|∇mγ|pχQh)
}]

 hn−p(l−s) [(T ′j,s)1/phl−s + hsjAl−s(h|ωm)]p .
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By taking in Lemma 3.1 A(·) as A(h) = A˜s(h) = (T ′j,s)1/phl−s + hsjAl−s(h), we
obtain following estimates.
Let hθ = acp−1capp,l(F ) (θ = h− lp). If h > hj, then∫
F∩Qj |∇kγ|p
capp,l(F )
 h
n−p(l−s)
j (A˜s(hj))
p
hn−plj
= h
p(m−k)
j
[
A˜m−k(hj)
]p
. (3.27)
Then (3.26) and (3.27) imply that∫
F∩Qj |∇mγj|p
capp,l(F )
6
m∑
k=0
[
A˜m−k(hj)
]p
.
Since each [
A˜m−k(hj)
]p
6
[
Hk/nh
l−m−n/p
j
(∫
Qj
|γ|p
)1/p
+ (3.28)
+hlj sup
Qj
(
M(|∇mγ|pχQj)
)1/p]p 6 [(1 +H l/n)K˜m]p ,
then (hj < h) ∫
F∩Qj |∇mγj|p
capp,l(F )
 (1 +H l/n)pK˜pm. (3.29)
In case when h < hj, h
θ = acp−1capp,l(F ) (θ = h − lp), we make the
same estimations as above for the covering {Bi} of the compact F taking
by Lemma C for the capacity capp,l. Let Φm−k(·) be as Φ(·) in (3.7), where
A(·) = A˜m−k(·.) As in (3.20), (3.21) we obtain∫
Bi∩Qj
|∇kγ|p  Φm−k(c6capp,l(Bi)).
Therefore, for each k (0 6 k 6 m)∫
F∩Qj
|∇kγ|p 
∑
{Bi}
Φm−k(c6capp,l(Bi)) Φm−k(hn−lp)
 capp,l(F )(Am−k(hj))p,
from which we deduce the estimate (3.29). Then (3.25) and (3.29) imply that
h
p(l−m)
j ‖∇mγ˜j;M(W lp → Lp)‖p  (1 +H l/n)pK˜pm.
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So, we get the following estimate by (3.24) and (3.29)
h
p(l−m)
j
(‖∇mγ˜j;M(W lp → Lp)‖p+ (3.30)
+‖γ˜j;M(W l−mp → Lp)‖p
) (1 +H l/n)pK˜pm.
Estimates (3.9)-(3.11), (3.30) and Lemma 2.1 imply that
‖∇m(γu)‖pp  max
16i6κ˜2
∑
j∈Ji
∫
Qj
|∇sγj|p|∇m−su|p 6
6 max
16i6κ˜2
∑
j∈Ji
h
p(l−m)
j
(‖∇mγ˜j;M(W lp → Lp)‖p+
+‖γ˜j;M(W l−mp → Lp)‖p
) ‖u;W lp(Qj)‖p 
 (1 +H l/n)pK˜pm max
16i6κ˜2
∑
j∈Ji
∫
Qj
(|∇lu|p + h−lpj |u|p)
 (1 +H l/n)pK˜pm‖u;W lp,v‖p.
To estimate the norm ‖γu‖p we deduce the following estimate similar to
‖|∇mγ|u‖p :
‖γu‖pp  max
16i6κ˜2
∑
j∈Ji
h
p(l−m)
j ‖u;W lp(Qj)‖p‖γ˜j;M(W lp → Lp)‖p, (3.31)
where by virtue of Theorem H
‖γ˜j;M(W lp → Lp)‖p  h−lpj
∫
F∩Qj |γ|p
capp,l(F )
.
In the same way as in (3.18), we obtain∫
Qh∩Qj
|γ|p  hn−pl [T ′jhpl + (Al(h|ωm))p] .
Hence, ∫
F∩Qj
|γ|p  (1 +Hm/n)pK˜pmcapp,l(F ). (3.32)
By (3.31), (3.32), we obtain ‖γu‖pp  (1 + H l/n)pK˜pm‖u;W lp,v‖p, and then we
can see that
‖∇m(γu)‖p + ‖γu‖p  (1 +H l/n)K˜m‖u;W lp,v‖.
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Lemma 3.2 ([23]). Let 1 < p < ∞, 0 < δ < 1, f ∈ L1(Q∗) (Q∗ ∈ In). Then
there exists a set e ∈ Nδ(Q∗) such that
sup
x∈Q∗\e
{
sup
x∈Q⊂Q∗
1
|Q|
∫
Q
|f |
}
6 c 1|Q∗|
∫
Q∗
|f |,
where c = c(p, n, δ).
Theorem 3.2. Let 0 < m < l be integers, 1 < p < n/l. Let v ∈ L+loc satisfy
the condition (pip,l,(δ)) with respect to the regular basis B = {Q(x)}, H =
ess sup
x
|Q(x)| < ∞. Assume that γ ∈ Wmp,loc and M(|∇mγ|pχQ(x)) satisfy the
condition (MA∞) in B. If
Gm = ess sup
x
{
|Q(x)|(l−m)/n−1/p
(∫
Q(x)
|γ|p
)1/p
+
+|Q(x)|l/n−1/p
(∫
Q(x)
|∇mγ|p
)1/p}
<∞,
then γ ∈M(W lp,v → Wmp ). Here the norm satisfies the following inequality
‖γ;M(W lp,v → Wmp )‖ 6 c (1 +H l/n)Gm.
Proof. The statement of the theorem follows from Theorem 3.1. Assume that
ω = |∇mγ|p. The condition of (MA∞) implies that
sup
y∈Q(x)
M(ωχQ(x))(y) 6 R sup
y∈Q(x)\e
M(ωχQ(x))(y) =
= R sup
y∈Q(x)\e
{
sup
y∈Q
1
|Q|
∫
Q∩Q(x)
ω
}
6 R sup
y∈Q(x)\e
{
sup
y∈Q⊂Q(x)
1
|Q|
∫
Q
ω
}
6
6 cR 1|Q(x)|
∫
Q(x)
ω.
So, in Theorem 3.1, we have
|Q(x)|l/n sup
Q(x)
(
M(|∇mγ|pχQ(x))
)1/p 6
6 (cR)1/p|Q(x)|l/n−1/p
(∫
Q(x)
|∇mγ|p
)1/p
 Gm.
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Corollary 3.1. Let 0 < m < l be integers, 1 < p < n/l. Let γ ∈ Wmp,loc. Let
G = sup
{Q1(x)}
{(∫
Q1(x)
|γ|p
)1/p
+ sup
Q1(x)
(
M |∇mγ|pχQ1(x)
)1/p}
<∞.
The following statements hold:
a) γ ∈M(W lp → Wmp ). Here the norm satisfies the following inequality
‖γ;M(W lp → Wmp )‖ 6 cG;
b) If M(|∇mγ|p) satisfies the condition (MA∞) with respect to the basis
{Q1(x)}, then
‖γ;M(W lp → Wmp )‖ ∼ sup
{Q1(x)}
‖γ;Wmp (Q1(x))‖.
Remark 3.1. The following estimates (1 < p < n/l) have been proved in [1]:
c1 sup
x,0<r<1
(
rl−n/p‖∇mγ;Lp(Br(x))‖+ rl−m−n/p‖γ;Lp(Br(x))‖
)
6
6 ‖γ;M(W lp → Wmp )‖ 6 c2
(
sup
diam(e)<1
|e|l/n−1/p
(∫
e
|∇mγ|p
)1/p
+
+ sup
{B1(x)}
(∫
B1(x)
|γ|p
)1/p)
.
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3.3 The Schro¨dinger operator
L = −∆ + q : W lp,v → Wmp,ω
Here we obtain boundedness conditions and norm estimates for the Schro¨dinger
operator
L = −∆ + q : W lp,v → Wmp,ω,
where 0 < m 6 l − 2 are integers, 1 < p < ∞. It is natural to assume
that the potential q(·) has all generalized derivatives Dαq ∈ Lloc of order
|α| =
n∑
j=1
αj 6 m.
Lemma 3.3. Let 1 < p <∞. Let v ∈ L+loc satisfy the condition
0 < v∗(x) <∞ for a.a. x ∈ Rn.
Let L = ∆ + q be bounded. Then
‖L;W lp,v → Wmp,ω‖ > c ess sup
x
v∗(x)l−n/p
(∫
τQ∗(x)
(|∇mq|p + |q|pω)dy
)1/p
= cK∗p,(τ).
Proof. Let η ∈ C∞0 with supp η ⊂ Q1 = Q1(0) : 0 6 η 6 1, η = 1 in τQ1. Then
for u0(y) = η (h
−1(y − x)) , h = v∗(x), we have
‖L;W lp,v → Wmp,ω‖ 

(∫
τQ∗(x) |∇mq|p dy
)1/p
+
(∫
τQ∗(x) |q|pω(y) dy
)1/p
hn/p−l
(∫
Q1
|∇lη|p + hlp−n
∫
Q∗(x) v
)1/p 
 v∗(x)l−n/p
[(∫
τQ∗(x)
|∇mq|p dy
)1/p
+
(∫
τQ∗(x)
|q|pω(y) dy
)1/p]
.
Theorem 3.3. Let 1 < p < ∞, pl > n. Let v satisfy the condition (pip,l,(δ))
with respect to the regular basis B = {Q(x)}, ess sup
x
|Q(x)| = H <∞. Assume
K = ess sup
x
{
|Q(x)|−1/p+l/n
(∫
Q(x)
|∇mq|p
)1/p
+
+|Q(x)|−1/p+(l−m)/n
(∫
Q(x)
|q|p
)1/p}
<∞.
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Then the operator L0 = −∆ + q, D(L0) = C∞0 , can be extended to a bounded
operator L : W lp,v → Wmp . Here the norm satisfies the following inequality
‖L;W lp,v → Wmp ‖ 6 c (1 +H l/n)Km.
Proof. Let u ∈ C∞0 , suppu = F. Let {Qj} be a covering of F, extracted from
the family B, Qj = Q(xj), hj = h(xj) (j ∈ J). We have
‖L0u;Wmp ‖ 6 ‖∇m(−∆u)‖p + ‖∇m(qu)‖p + ‖∆u‖p + ‖qu‖p. (3.33)
By the embedding theorem W lp → W sp , 0 6 s < l, (see [33]) it follows that
‖∇m(−∆u)‖p + ‖∆u‖p 6 ‖∇m+2u‖p + ‖∇2u‖p 6 c (‖∇lu‖p + ‖u‖p) . (3.34)
Then (2.8) and Lemma 2.1 imply that
‖u‖pp 6 κ2 max
16i6κ2
∑
j∈Ji
∫
Qj
|u|p  κ2 max
16i6κ2
∑
j∈Ji
hlpj × (3.35)
×
∫
Qj
(|∇lu|p + h−lpj |u|p)dy  κ2 sup
j∈Ji
hlpj max
16i6κ2
∑
j∈Ji
∫
Qj
(|∇lu|p + |v1/pu|p)dy 
 H lp/n
∫
(|∇lu|p + v(y)|u|p)dy.
By Theorem 2.10 (ω0 = ω1 = 1) it follows that
‖q;M(W lp,v → Wmp )‖ 6 cK.
Thus,
‖∇m(qu)‖p + ‖qu‖p = ‖qu;Wmp ‖ 6 ‖q;M(W lp,v → Wmp )‖‖u;W lp,v‖. (3.36)
By (3.33)-(3.36), we obtain
‖L0;Wmp ‖ 6 c (1 +H l/n)K,
which implies the validity of the statement of the theorem.
Theorem 3.4. Let 1 < p < ∞, pl > n. Let v satisfy the condition (A(δ,β))
with respect to the basis B∗v . Then
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a) L0 : W
l
p,v → Wmp,v∗−mp is bounded if and only if
K∗p,(τ) = ess sup
x
{
|Q∗(x)|−1/p+l/n
(∫
τQ∗(x)
|∇mq|p
)1/p
+
+|Q∗(x)|−1/p+(l−m)/n
(∫
τQ∗(x)
|q|p
)1/p}
<∞ (0 < τ < 1);
b) The norm satisfies the following relation
‖L;W lp,v → Wmp,v∗−mp‖ ∼ ‖L;W lp,v∗−lp → Wmp,v∗−mp‖ ∼ K∗p,(τ) <∞.
Proof. Let u ∈ C∞0 , suppu = F. Let {τQj} be a Besicovitch covering, ex-
tracted from B∗v,(τ), Q
j = Q∗(xj) (j ∈ J). We have
‖L0u;Wmp,v∗−mp‖ 6 ‖∇m+2u‖p + ‖∇m(qu)‖p+
+‖∇2u;Lp,v∗−mp‖+ ‖qu;Lp,v∗−mp‖ 6 c (‖∇lu‖p + ‖u‖p) + (3.37)
+‖q;M(W lp,v → Wmp,v∗−mp)‖‖u;W lp,v‖+ ‖∇2u;Lp,v∗−mp‖.
Further, by Theorem 2.10 (ω0 = 1, ω1 = v
∗−mp) it follows that
‖q;M(W lp,v → Wmp,v∗−mp)‖ = ‖q;M(W lp,v → Wmp,1,v∗−mp)‖ 6 cK∗p,(τ). (3.38)
Since v∗ satisfies the slow variation condition with respect to the basis B∗v,(τ),
then
‖∇2u;Lp,v∗−mp‖p  κ2 max
16i6κ2
∑
j∈Ji
v∗(xj)−mp
∫
τQj
|∇2u|p 
 max
16i6κ2
∑
j∈Ji
v∗(xj)(l−m−2)p
∫
τQi
(|∇lu|p + v∗(xj)−(l−2)p|u|p)dy  (3.39)
 H(l−m)p/n
∫
(|∇lu|p + |v∗−lu|p)dx ∼ H(l−m)p/n‖u;W lp,v‖p.
Then (3.37)-(3.39) and (3.35) imply that
‖L0u;Wmp,v∗−mp‖p 6 c
(
(1 +H l)K∗p,(τ)
)p ‖u;W lp,v‖p.
The lower estimate of the norm in statement b) follows from Lemma 3.3.
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Theorem 3.5. Let 1 < p < ∞, pl < n. Let v satisfy the condition (pip,l,(δ))
with respect to the regular basis B = {Q(x)}, ess sup
x
|Q(x)| = H <∞. Let
K˜m = ess sup
x
{
|Q(x)|l/n sup
Q(x)
(
M(|∇mq|pχQ(x))
)1/p
+
+|Q(x)|−1/p+(l−m)/n
(∫
Q(x)
|q|p
)1/p}
<∞.
Then the operator L0 can be extended to a bounded operator L. Here the norm
of L satisfies the following inequality
‖L;W lp,v → Wmp ‖ 6 c (1 +H l/n)K˜m.
Proof. The proof of the theorem follows the lines of the proof of Theorem 3.3
applying Theorem 3.1.
Corollary 3.2. Let 1 < p < n/l. If ω = |∇mq|p satisfies the condition (MA∞)
with respect to the basis B = {Q1(x), x ∈ Rn}, then
‖ −∆ + q : W lp → Wmp ‖ ∼ sup
{Q1}
(
‖∇mq‖p,Q1 + ‖q‖p,Q1
)
.
Corollary 3.3. Let 1 < p < ∞, lp > n, l > 2. Let v(x) = (1 + |x|)s, s > 0,
Bx = B
(
x; v(x)−1/lp
)
. Then
‖−∆+q : W lp,v → W l−2p,vs(1−2/l)‖ ∼ sup
Bx
[
v(x)−1+n/lp
∫
Bx
(
|∇mq|p+|q|pv1−2/l
)]1/p
.
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